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Abstract 

It is well known that the incompressible Euler equations can be formulated in a very 
geometric language. The geometric structures provide very valuable insights into the 
properties of the solutions. Analogies with the finite-dimensional model of geodesies on 
a Lie group with left- invariant metric can be very instructive, but it is often difficult 
to prove analogues of finite-dimensional results in the infinite-dimensional setting of 
Euler's equations. In this paper we establish a result in this direction in the simple case 
of steady-state solutions in two dimensions, under some non-degeneracy assumptions. In 
particular, we establish, in a non-degenerate situation, a local one-to-one correspondence 
between steady-states and co-adjoint orbits. 
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1 Introduction 



1.1 Background 



We consider the 2d Euler equations for inviscid incompressible fluid in a smooth bounded 
domain O C M^: 



ut + {u- V)n Vp = 
div u = Q 



inO, (1.1) 
u-N = Q atdn, (1.2) 



where N denotes a unit normal to d^l. It is well-known that the equations have a rich ge- 
ometric structure, coming from their interpretation as equations for a geodesic flow in the 
group Pvoi(^) of volume preserving diffeomorphisms. The modern mathematical investiga- 
tions exploring this geometric structure were initiated by the 1966 paper of V. I. Arnold [1]. 
The geometric point of view has lead to important insights about Euler's equations, often by 
analogies with the finite-dimensional situation of the geodesic flow on a Lie group equipped 
with a left-invariant metric. [W] The passage from such finite-dimensional models to the 
infinite-dimensional setting of Euler's equations is often impeded by a common difficulty in 
infinite dimensions: the assumptions which are needed for straightforward generalizations 
of basic results of finite-dimensional Calculus (such as the Implicit Function Theorem) are 
too strong to be satisfied in situations of interest. For important advances in this direction, 
see for example [U O [13l [16] . 

Our goal in this paper is to establish rigorously, in certain cases, a geometric picture of 
the structure of the set of steady-states of Euler's equations (jl.ip . (jl.2p suggested by the 



'""^'We refer the reader to monograph [2 for examples. 
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finite-dimensional situation. The main theorem wih be for the case when ^1 is diffeomorphic 
to an annulus, but it seems reasonable to set up the problem in greater generality. 

Our results are best described in the vorticity formulation of the equations. We assume 
that C is a bounded smooth domain. The connected components of will be denoted 
by Fq, Fi, . . . ,Ti, with Fq bordering the unbounded connected component of \ Q. 

Any (smooth) divergence-free velocity field u in satisfying n • = at d^l can be 
represented by a stream function ■0, defined by 



u = V^i; = "^^'^ . (1.3) 




Clearly, tp is defined uniquely by u up to a constant. Therefore, without loss of generality 
we set V'lro =0. The vorticity ui is defined by 

W = 'U2,xi - Ui^x2 = '^Ip ■ (1-4) 

The stream function ip is determined by u and suitable boundary conditions. To identify 
these boundary conditions, we note first from (jl.2p that, for each fixed time, ip is constant 
also on any other boundary component. However, the constants can depend on time, i.e. 
iplr^ may not, in general, be constant during the evolution for i = 1, . . . ,1. But by Kelvin's 
theorem on conservation of circulation of u, = /p. ^ are constant along the flow. (Note 
that, by the Gauss-Green theorem and the divergence-free condition in (jl.ip . the circulation 
7o around Fq is determined by 7^, 1 < z < /.) The constants 7j, 1 < i < / will be considered 
as fixed parameters throughout the paper. Therefore, denoting by r the unit tangent vector 
to the boundary given by rotating the normal N by it/2, our boundary conditions will be 

^-^=0, (1.5) 
^Ir, =0, i = l,...,l, (1.6) 



dip 



7i, i = l,...,l. (1.7) 



We introduce the subspace 

U^^ = {iPeC^ satisfying ^ - (1.8) 
of the space of stream functions 

U = {ij€C^ satisfying ^ - (1.9) 
Together with oj and the equation 

A'4> = uj (1.10) 
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the boundary conditions ()1.5p - (|1.7p uniquely determine ip (see [lO!)- Denoting by 



{f,a} = fxi9x2 - fx29xi (1-11) 

the 2d Poisson bracket, equation can be rewritten as 

iOt + {i^,uj} = 0, (1.12) 

where ■0 is determined by uj through (jl.lOp and the boundary conditions (jl.Sp - (jl.7p . Equa- 
tion ()1.12p describes the transport of a; = uj{t) by the group 'D^oi{Q): we have 

a;(f) = w(0) ory-i(t), (1.13) 

where r/(t) € Pvoi(^) represents the particle trajectories and t]^^ denotes the inverse of rj. 
In other words, letting for each smooth function w on 17 

a = {wor/-i : 7?GP™i(^^)}, (1.14) 

and 

wo = ^(0), (1.15) 

the solution of (|1.12p always stays on O^^g. Moreover, equation (jl.l2p can be thought of 
(formally) as a Hamiltonian system on O^jo , with the Hamiltonian given by the usual energy 

S{u)= /i|VVp= /" -la;V. + ^i7,.V-|r,. (1.16) 

The (formal) symplectic structure on Oui^ is of course of great independent interest, but we 
will not be concerned with it in this work. We will only study the equilibria, and these are 
(formally) characterized as the critical points of the restriction of £ to the orbits O^j- 



[2] 



To summarize, we formally have the following situation: the space of vorticities is foliated 
by the orbits O^i, and the equilibria are the critical points of £ restricted to the orbits. In 
finite dimension a routine application of the Implicit Function Theorem would imply that if 
0(1, is smooth near O and a; is a non-degenerate critical point of £ on Ocj, then, near Co, the 
equilibria form a manifold transversal to the foliation by the orbits, of dimension equal to 



'^'it is important to point out that the space of vorticities is formally a Poisson manifold, not a symplectic 
manifold. The orbits Ouj can be considered as symplectic leaves of this Poisson manifold. See e. g. [IT] for 
details. See also [8l[T7]. The quantities // = j^f(uj) are Casimir functions. They will also be conserved if 
£ is replaced by any other Hamiltonian, and they do not generate any symmetries. Such situation typically 
arises in the process of symplectic reduction, and our situation is an example of this: Euler's equations 
appear as a result of the reduction of the geodesic flow in the co-tangent bundle of 2?voi by the group ©vol. 
The space of vorticities can be identified with the dual of the Lie algebra of 2?voi, and the orbits Ou are the 
orbits of the co-adjoint representation of ©vol. 
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the co-dimension of the orbits. In other words, in a non-degenerate situation, the equihbria 
are locally in one-to-one correspondence with the orbits. 

Our goal is to establish an analogue of this correspondence in the context of (jl.l2p . 
Several obstacles have to be overcome: the orbits O^^j are typically not sub-manifolds of the 
space of vorticities if we work with the usual Banach spaces used in PDEs; certain linearized 
operators suffer from loss of derivatives; it is not clear what are good "coordinates" in which 
to do calculations. Our main result is, roughly speaking, that the difficulties can be resolved 
for steady-states for which the vorticity uj has no critical points in J7. This assumption is 
of course restrictive. However, it is likely that in some situations the critical points of co 
can genuinely complicate the picture and lead to some degeneracies, especially in the case 
of hyperbolic critical points. Elliptic critical points seem to be less dangerous. They still 
lead to difficulties for our method (namely certain linear maps are no longer "tame", see 
Section [L3|) . but these might perhaps be manageable. 

We now outline the main points of our approach. We start with the classical observation 
that any function satisfying 

A^j = FitP) (1.17) 

with the boundary conditions (jl.Sp ^ (jl.7p gives a steady-state. This is easily seen from (jl.l2p . 
Moreover, if ip and F solve (|1.17p . (jl.Sp - (|1.7p . and if (D = F^tp) has no critical points, then 
any nearby steady-state can be obtained in this way. This is one reason for the restriction on 
the geometry of $7: the condition that u has no critical points imply that 17 is diffeomorphic 
to an annulus, as Co is constant on dfl. (For the case where u has a single elliptic critical 
point in a simply connected domain 0,, a refinement of our method seems necessary.) The 
boundary of consists then of an inner and outer boundary components, 

dn = Ti\JTo. (1.18) 

This is one characterization of the steady-states in the situation we wish to investigate: we 
see that they are, in some sense, locally parametrized by the functions F such that 

F' ^ 0. (1.19) 

The map F ip, defined via p.l7p and p.Sp - p.7p is not quite one-to-one, since changes 
to F outside the range of tp do not change the solution tp, but this is not a serious problem. 

It is worth remarking that steady-states of the form (|1.17p with F' ^ naturally arise 
in the statistical theories of 2D Euler flows, see [12^ [T8l [2T] , and in Shnirelman's theory of 
mixing, see [2U] . 

Our plan is to establish the correspondence between the functions F in (jl.22p and the 
orbits Oi^. By contrast with the finite-dimensional case, there is a simple obstacle showing 
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that we cannot really consider all orbits O^^: for any steady-state solution satisfying (jl.Sp - 
(II. 7p the vorticity uj must be constant along each boundary component. We introduce the 
space 

T={u;eC^\^ =0}. (1.20) 
dT\dn 

Our main result (Theorem [T]) establishes a local correspondence between the functions F 
and the orbits contained in J^, i.e. with constant values of u at the boundary components. 

We need to introduce some (local) parametrization of the "space of orbits" O^. The 
distribution functions A^j defined by 

A^{X) = \{xen\ oj{x) < X}\ (1.21) 

provide a good option for those orbits O^j C T with constant values of co on the boundary 
components, and for which u has no critical points, see Proposition [51 (The assumption 
that UJ has no critical points surfaces again and imposes on 17 to be diffeomorphic to an 
annulus.) In fact it will be better to work with the inverses A~^, for several reasons. One is 
that their domain, which is the interval [0, does not change, and another is the identity 



Az' = FoA^' (1.22) 

satisfied by the solutions of (I1.17P in the case when F' > (when F' < a similar identity 
holds; in the proof we will perform computations assuming F' > for simplicity, the case 
F' < being completely analogous). This identity will be crucial for the analysis for the 
following reason: it shows that there is a chance for establishing some correspondence be- 
tween F and A~^. The right-hand side of ()1.22p is non-linear in F (as ip depends on F), but 
the non-linear part comes in only through ip and hence it is regularized by equation (jl.lTp . 
In some sense, the leading part of the dependence of A^^ on F behaves as a composition of 
F with a fixed function, which, for many purposes, is almost the same as identity. Heuris- 
tically, the function A^^ can be thought of as being obtained from F by applying a kind 
of non-linear Fredholm map to F. This "Fredholmness" of the map F A~^ is crucial for 
our approach. On the other hand, the linearization of A~^ suffers from loss of derivatives, 
and (|1.22p shows it quite clearly: 

5{F o ^-1) = {6F) o + (F' o ^-1) . 5(A;1) . (1.23) 

The first term on the right-hand side is very good, but the second term contains F' . This 
does not seem to be easy to avoid, and it can be overcome by working with the Nash-Moser 
Implicit Function Theorem, which will enable us to establish a good local correspondence 
between F and A~^ mentioned above, see Theorem [TJ The correspondence between F and 
A~^ cannot be one-to-one, as already noted above, but only for the trivial reason that 
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in (jl.lTp the behavior of F outside the range of ip does not affect the solution. Theorem [T] 
does contain an injective part, though, which says that, if two nearby steady-states have 
same distribution functions, then they are identical. Also, some natural non-degeneracy 
assumptions are needed, in the form of transversality conditions for linearized operators. 
Some conditions of this form are needed even in the finite-dimensional situation. 



1.2 Statement of main result 

We first introduce the two non-degeneracy assumptions of Theorem [TJ 

We will denote ■0, F, and O = F{ip) the quantities associated with a reference steady- 
state. The function F in (|1.17|) gives a good (local) parametrization of steady-states when 
F' ^ (modulo the lack of injectivity mentioned above). For this reason is assumed to 
be diffeomorphic to an annulus. However, a well-defined map F ^ ip returning a solution 
to 

AV^ = F(V^), V'ir„=0, §^|^^=0, /||=7. 1<^<^ (1-24) 

can be constructed in a neighborhood of F, modulo some non-degeneracy condition dis- 
cussed shortly, for an arbitrary number / of boundary components. Thus for the construc- 
tion of the map F ^ ip we will make no restriction on the topology of Vl. 
The map F ^ tp \s well-defined provided the linear map 



A<i>-F'{^)^ = K 0ir„=O, ^ =0, / ^ = (1.25) 

is invertible for each k G and for each F in a neighborhood of F. In fact, it is enough 
to make this assumption at the reference steady-state only: 

the reference steady-state oJ = F{iIj) is non-degenerate in the sense that 



(NDl) 



A<p - F\i;)<P = 0, </.|r„ = 0, ^^^^ =0, ^ |^ = 0, 1 < i < / 
has only the trivial solution = 0. 



By the Fredholm alternative, the operator A — F is invertible with the boundary con- 
ditions of (NDl). Since we do not work in a Banach-space setting but with Frechet spaces, 
it is not automatic that (NDl) implies that A — F'[tp) is invertible in C°° for F near F. 
See [7] for a discussion of this crucial point and counterexamples, in particular Section 1.5.5 
of Part I. 



The second non-degeneracy condition says that the steady-states and the co-adjoint 
orbits intersect trivially. (Since now we are using the parametrization of the "space of 
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orbits" via the distribution functions A^^, we will need to impose that 0, is diffeomorphic to 
an annulus since then it is crucial that oj has no critical points.) More precisely, a tangent v 
to the set of steady-states at a; is a solution to the linearized steady-state equation lo = F{'ip), 
i.e. v = A(j) where <j) solves, for some /, 

A0 = F'(V')0 + /(V), ^\r.=0, ^1^=0' = ^^-^^^ 

A function v is tangent to the co-adjoint orbit O;^ at uj if there exists a stream function 
a (zU such that v = {u;,a}. (This is immediate by linearizing oj o r] at r] = Id.) The second 
non-degeneracy condition is as follows: 

if (j) satisfies the linearized steady-state equation (I1.26P at ZIJ = F{ip) 
and \i u = is tangent to 0(lJj) at u7, i.e. v = {ZJ, q} for some a £U, 
then (j) = 0. 

Again, we emphasize that this non-degeneracy assumption is made at the reference steady- 
state only and not in an entire neighborhood. 



(ND2) 



Theorem 1 Let C 6e diffeomorphic to an annulus with inner and outer boundary 
components Fj, To respectively. Consider a smooth steady-state solution to Euler's equation 
on Q with vorticity ZJ and stream function ip without critical points. Let F and 7^ such that 

At = W,. ?p.=0, f^^_=0, „ = /^_§ (L27) 

(in particular f' ^ 0). Assume further that (NDl) and (ND2) are satisfied. Then, there 
exists a neighborhood W of uo in fl F such that each co-adjoint orbit intersecting W 
contains exactly one smooth steady-state solution there. 

Remark W can be taken to be a || • ||ii-neighborhood. See Proposition [19] (proving 
the injective part of Theorem [TJ and the Remark after the statement of Theorem 1211 in the 
Appendix (on the existence part of the Nash-Moser Inverse Function Theorem). 

An important aspect of the proof of Theorem[T]is that both non-degeneracy assumptions 
(NDl) and (ND2), which are made at the reference steady-state, are sufficient to imply non- 
degeneracy for steady-states in an entire neighborhood. It turns out that (NDl) and (ND2) 
are of exactly the same type, and the proof that DT(F)f has a tame right-inverse will 
parallel the proof that A(j) — F'{ip)(j) = k (with the boundary conditions of (I1.26P ) has a 
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tame inverse. There is a kind of Fredholmness at work in both cases. To understand (NDl), 
consider the hnear elhptic equation 

A(j) + c(j) = k (1.28) 

parametrized by c and with the same boundary conditions as in ()1.26p . The second term 
K{c)(j) = c(j) is a "compact" perturbation of A(j) in the sense that, for each n > 0, c0 is (7"+^'" 
when A(j) is (7"'" (assuming c is smooth). Assume that c is non-degenerate in the sense that 
A + c has trivial kernel in C°°. Then, A + c is also non-degenerate if |[c — c||o,a is sufficiently 
small. This comes from the estimate ||(c — c)(/>||„^q, < C||c — c||o,Q-||i;^||n,a + C'||c — c||„^a|j(/>||o,a. 
In addition, the elliptic estimates are easily converted into tame estimates for the inverse. 

The main thrust in using the Nash-Moser theorem (see Theorem [3]) is to show that 
the derivative DT has a tame right-inverse. For the problem at hand, this boils down to 
showing that a map of the form 

h = g + K{F)g (1.29) 

has a tame inverse (see Proposition 1181 of Section [4.3|) . This is possible since, here again, 
the second term K{F)g is a "compact perturbation" in the sense that, for each n > 0, 
K{F)g is (7"'+^'" when g is C"^'" (and F is smooth). On the other hand, estimates on 
\\K{F)g — K{F)g\\n,a are considerably more difficult to establish than those on ||(c— c)i;^||n,a- 
Again, estimates for h = g + K(F)g yield easily tame estimates for the inverse. 

The special case F' > 

When F' > 0, it is clear that (NDl) is automatically satisfied at u; = F{'ip) (multiply 
(jl.26p and integrate by parts). It turns out that (ND2) is also automatically satisfied. Let 
v = {uj,a} satisfy (jl.26p . Then 



The second term of the right-hand side vanishes using (jl.47p . Integrating by parts, 

+ |V,^lM=0 (1.31) 



n 



F'iij) 

which forces <j) = when F' > 0. 

Theorem [1] is a statement about the local structure of the set of steady-states. However, 
the proof suggests that a global statement should hold in the case where f' > 0. Namely 
one might speculate that the entire collection of steady-states satisfying F' > is in one- 
to-one correspondence with their co-adjoint orbits. In other words, on any orbit containing 
a steady flow with F' > 0, this flow might be unique with this property. Note that this is 
certainly true for radial flows since the profile of uj and A^j are the same up to a change of 
variables. In this case, (|1.24p reduces to a second order ODE with two boundary conditions. 
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1.3 The Nash-Moser Inverse Function Theorem and tame estimates 

The Nash-Moser Inverse Function Theorem for tame Frechet spaces (see Theorem [3]) bears 
certain important differences with the classical Inverse Function Theorem in Banach spaces. 
These differences concern in particular the notion of differentiability (which is in a sense 
weaker than the usual one for Banach spaces), the notion of tameness, and the fact that 
a right-inverse to the first derivative is assumed to exist in an entire neighborhood of F 
and not just at F. The aim of this Section is to address these differences by giving precise 
definitions and clarifying certain assumptions. See Theorem [JD in the Appendix for the 
existence part of the Nash-Moser Inverse Function Theorem. 
Our terminology and definitions mosly follow [7]. 

Smooth maps of Frechet spaces 

Let the topology on a Frechet space X be defined by a countable family of semi-norms | • |n, 
n = 0, 1,2, . . . We will be exclusively concerned with spaces of smooth functions on a 
compact manifold /C (possibly with boundary), and the semi-norms will be either the norms 
|[ • |[„-norms (i.e. the sup-norms of derivatives up to n-th order) or the || • ||n,o-norms (i.e. 
the Holder- norms of derivatives up to n-th order). Two gradings on X (i.e. two families of 
semi- norms \-\n and |-|^,n = 0,l,2,...) are equivalent if they define the same topology. 

Let now X,y be Frechet spaces with semi-norms | • |ni n = 0, 1,2, . . . (for simplicity, 
we will use the same notation for the gradings of X and 3^). Let B be an open set and 
P: {B <Z X) ^ y a map between these Frechet spaces. Continuity is defined as usual. 
In particular, when X and y are of the form C^, then P is continuous on B if, for each 
n, there exists m = m{n) such that P: (S, | • \m{n)) ~^ (3^; I ' U) is continuous. Also, two 
gradings are equivalent if the identity maps 

Id: (^^,{1 ■ I4„) ^ (^^,{1 ■ Un), Id: {X,{\ ■ Un) ^ {X,{\ ■ |4„) (1.32) 

are both continuous. Clearly the C^- and the C'^'^-gradings are equivalent on C^. The 
corresponding topology is called the C°°-topology. For the spaces of the form C^, we will 
prove continuity of maps using whichever grading is more convenient (the C'^'^-grading for 
operators involving elliptic equations, the C'^-grading otherwise). 

The notion of differentiability, on the other hand, is in a sense weaker than the usual 
notion for maps of Banach spaces. The map P is differentiable at n G ,S if for each v ^ X 
the limit 

DPiu)v :=lim^(" + ^^^-^("^ (1.33) 

t^o t 

exists in the Frechet-topology, that is, there exists an element DP{u)v G y such that 
Piu + tv) - P{u) 



lim 



DP{u)v 



for each n = 0,1,2,... (1.34) 
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In other words, P has Gateaux-derivatives at u in all directions. P is continuously dif- 
ferentiable in B if the map 




(1.35) 



X ^ y 1 

V ^ DP{u)v J 

is continuous jointly in the two variables u and v. In the case the spaces are Banach spaces, 
this definition of differentiability is weaker than continuous Frechet-differentiability, which 
is a usual assumption for the classical Inverse Function Theorem there. Partial derivatives 
for maps of several variables are defined in the usual way, as well as derivatives of higher 
order, e.g. (when they exist) 

r,2D/ w ^ 1- DP{u + tv2)vi- DP{u)vi 

D P{u){vi,V2) = ivai (1.36) 

t-i>0 t 

the limit again taken in the Frechet-topology. A map is smooth if derivatives of all orders 
exist and are continuous. All maps will turn out to be smooth, but we will only need 
at most two derivatives in order to apply the Nash-Moser Inverse Function Theorem, see 
Theorem [3l (Specifically, we will prove that T, DT, D^T, and a right-inverse L to DT are 
continuous.) Thus, we will call these maps smooth even though we only establish that they 
have continuous derivatives of order at most two. 

A piece of terminology. If a map P{u, v) is linear in v, then we will say that it is a family 
of linear maps and write it as P{u)v to emphasize linearity in v. (Similar terminology 
and notations apply for maps of more than two variables.) 

Many rules of the usual calculus apply. In particular, the first derivative DP{u)v is 
linear in v (see [7], Section 3.2 of Part I) the chain rule and the Fundamental Theorem of 
Calculus hold (see [7], Section 2 of Part I, for a definition and properties of Frechet-space 
valued integrals), as well as Taylor's formula with integral remainder (see Theorem 3.5.6, 
p. 82 in Part I of [7]): 

P{u + v) = P{u) + DP{u)v+ ! {1 -t)D'^P{u + tv){v,v)dt. (1.37) 

Jo 

Also, the Open Mapping Theorem holds: if a continuous linear map of Frechet spaces 
is invertible, then it is a linear isomorphism, i.e. its inverse is again a continuous map of 
Frechet spaces. On the other hand, if for a smooth family of linear maps, P{u)v is invertible, 
then it is not true in general that P{u)v has an inverse for u in a neighborhood of u. This 
is in contrast to the Banach-space setting, where the set of invertible operators is open 
(this is related to the fact that the set of bounded linear maps on Banach spaces is itself a 
Banach space). This explains why the invertibility of the first derivative DT[u)v for u in an 
entire neighborhood must be assumed in order to apply the Nash-Moser Inverse Function 
Theorem. 



11 



The tame Frechet category 

For our purposes (see [7], Section II. 1, for a more general notion), a tame Frechet space 
X is a Frechet space, with semi-norms \ ■ \n, n = 0,1,2, ... , which comes with a family of 
smoothing operators {5'(t)}i>o such that, for all t > and u & X, 

\S{t)u\m<Ct"''^\u\i, \u- S{t)u\i <Ct^-"'\u\m, m > I, (1.38) 

where the constants depend on m, I, but not on t nor u. Spaces of the form are tame, 
see [7], Part II, Theorem 1.3.6, p. 137 and Corollary 1.3.7, p. 138. It is interesting, see 
[19], as well as Corollary 1.4.2, p. 176, Part II of [7], that the estimates (jl.38p imply the 
interpolation inequalities 

l—i i — m 

\u\^ < C\u\J^ \u\j^ , m<i<l (1.39) 

where the constants depend on i, m, I. These inequalities can otherwise be verified directly 
"by hand" in the C^-, C'^'"-, or ff'^-gradings, for example, see [3j, [7] (Theorem 2.2.1, p. 143, 
Part II), [9]. 

A continuous map P : {B <Z X) ^ y ol tame Frechet spaces is tame if, for each uq ^ B 
there exist a neighborhood V of no in ;B, r G N (the degree), 6 G N (the base), and 
constants C„ such that 

\P{u)\n<Cn{\u\n+r + l), n>b (1.40) 

for any u G V. These are called tame estimates for P. We will usually suppress the 
dependence on n for the constants and simply write C (even though this dependence on n 
is, of course, crucial). It can be proven, see Proposition [2] below, that, if a linear map L is 
tame with degree r and base b, then tame estimates can be derived in the form 

\Lu\n < C\u\n+n U > b (1-41) 

for all u G without any restriction. A map is smooth tame if it is smooth and derivatives 
of all orders are tame. 

We say that a grading {| • is tame equivalent to {| • |„}„, if the identity maps (jl.32p 
are both tame. (Obviously, this defines an equivalence relation.) In this case, the smoothing 
operators S{t) satisfy again inequalities of the form (jl.38p with | • |„ replaced by | • |^. A 
map P : {B C X) ^ y oi tame Frechet spaces remains tame if one replaces the gradings on 
X and y with tame equivalent gradings. Note though that the degrees may be diff'erent in 
different gradings, and thus the choice of grading in which the tame estimates are derived 
should be made with care. We will derive tame estimates for all maps in the same grading, 
and our choice will be the C"'"-grading in order to take full advantage of elliptic regularity 
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afforded by the elliptic system (|1.24p . (Clearly, the C"- and C"'"-gradings on are tame 
equivalent.) 

Further remarks on tame estimates 

Clearly, a tame map with degree r also has degree r' > r. In turn, it is possible to choose 
the neighborhood V in which (|1.4U|) holds to be a | • |r+fe-neighborhood (by making r larger 
and V smaller). Composition of tame maps is again a tame map. 

On the other hand, the Open Mapping Theorem does not hold in the tame Frechet 
category: if a tame linear map is invertible, then an inverse exists and is continuous, but it 
need not be tame. See [7], Section 1.5.5, Part I, for counterexamples. 

For a map of several variables, these are allowed to have different degrees, e.g. 

\P{ui,U2)\n<Cn{\ui\n+rx + \u2\n+r2 + '^)-, \u\r-^+b < \u\r2+b < n > b. (1.42) 

For a family of linear maps, it is possible to do away with the restriction on the variables 
in which the map is linear (see Lemma 2.1.7, p. 143, Part II of [7]) 

Proposition 2 (Tame estimates for families of linear maps) Let P{u)v he a family 
of linear maps. Then there exist constants Cn such that 

\P{u)v\n <Cn{\u\n+r + \v\n+s + ^), n>b (1-43) 

for u in a \ ■ {r+b-neighborhood and v in a \ ■ \s-\-b-neighborhood if and only if there exist 
constants such that 

\P {u)v\n < Cn{\u\n+r\v\s + \v\n+s), n > b (1.44) 

for u in a \ ■ \r+b-neighborhood and any v (without restriction). 

This generalizes to maps linear in more than one variable. In our proof, we will systemati- 
cally derive tame estimates in the format (jl.44p when relevant. 

The Nash-Moser Inverse Function Theorem 

Theorem 3 (Surjective part of the Nash-Moser theorem) Let T: {B <Z X) ^ y he 

a map of tame Frechet spaces. Suppose that T possesses first and second derivatives DT and 
D^T, that DT has a right-inverse L, and that all these maps are continuous and satisfy tame 
estimates. Then, for any xq € B, there exists a neighborhood V(xo) of xq, a neighborhood 
V(yo) ofyo = r(xo), and a map R: V{yo) V(xo) such that T{R{y)) = y for y e V{yo). 
Furthermore, R is continuous and tame, and ifT and L are smooth tame, then so is R. 
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See the proof of Theorem [21] for the existence part of the surjective Nash-Moser Inverse 
Function Theorem. We refer to [7], Section III.l for proofs of further properties of R 
(smoothness and tameness). 

The proof Theorem [1] will heavily rely on smoothness and tameness of elementary maps 
of Frechet spaces. The necessary lemmas are given in the Appendix and will be used 
countless times, often without explicit reference. 



1.4 Examples of the "orbit calculus" 

A rigorous interpretation of the orbits O^j as symplectic leaves would require some care. 
Instead, we give in this Section two examples of the "orbit calculus" . Both results go back to 
Arnold [I] , [2] , but our calculations here are slightly different and do not resort to Lie-group 
theoretical interpretations. 

Let u = Alp be a critical point of the kinetic energy 

= \j iVVpdvol = -]-[ uj^jdYol + ]-Y, 7i^|r, (1-45) 

restricted to its co-adjoint orbit (the 7j's are fixed). Let v = {a,oj} be tangent to the orbit 
at w, and (p gUq solving ()1.26p . Then the first derivative of the energy is given by 

D8{uj)u= [ VV- • VV'dvol = - [ Vi^dvol+ / ^^dl = - [ V{a,a;}dvol. (1.46) 
Jn Jo. Jdn Jn 

The identity 

[ f{g,h}dvol= [ g{hJ}dvol- [ fg^dl (1.47) 
Jn Jn Jan oN 

gives 

DE{oj)v= / a{V',a;}dvol (1.48) 
Jn 

(the boundary terms vanish). Since a is arbitrary, we conclude that {V'jw} = 0. 
Next we compute the second variation of (J at a critical point: 

D^S{u){v, v) = (lV0|2 + dvol (1.49) 

where "0 solves (ll.24|) and (p solves (ll.26p . 

Proof of (jl.49p Let oj^ = looij^ with loq = id, and denote ip^ the corresponding stream 
functions. From the first derivative 

T f Q 

—£{uje) = Vip,- — VV'.dvol (1.50) 
de Jn de 
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we find that the second derivative at e = is, posing ip = ^|^^q and ^ = 

S{oj,) = / i\Vtpf + • VV')dvol. (1.51) 

ae^ |e=o J a 

The first term is |V(?!)pdvol. As for the second, integrating by parts we find 

/ S7ip ■ VV^dvol = - / Vwdvol (1.52) 

(the 7i's are fixed). To calculate a), we can take r]e as the flow corresponding to some 
V = V-^a G U. Then rie{x) = x + ev{x) + y'^vv(,x) + . . . Taking second derivatives at e = 0, 

^,„o = i,„„'.(^ + ™(x) + fv„»W + ...) (1.53) 

= ^^,kViVk,i+uj^klVkVl = {i^,kVkVi),i (1.54) 

= div({a,a;}?;) (1.55) 

= div(i^w). (1.56) 



Integrating by parts, — ^div(z/v)dvol = i/Vil> ■ ■udvol. Taking gradients of a; = F{'tp), 
This completes the proof. 



- /_ ^'^dvol = / ^^dvol = / ^dvol. (1.57) 



1.5 Notation 

Constants will generally be denoted by the same letter C, even in the derivation of tame 
estimates where it is important that they depend on the regularity index n. If JC is the 
closure of a smooth, bounded region in Euclidean space (e.g. /C = $7 or [0, |f2|]), then is 
the space of n-times continuously differentiable functions on fC. The norm is given by 

ll/lln := ll/llc^ := sup suplWI- (1-58) 
0<j<n K 

C^'° denotes the subspace of functions in whose derivatives up to order n are Holder 
continuous with exponent a. Throughout, a will be a fixed constant in (0, 1). The norm is 
denoted 

\\f\\n,a := ll/llcr ■■= ll/lln + E[VV]a [f]a := SUp '^^.^^ " {^^^ ' . (1.59) 
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We introduce the following spaces of functions with various regularity: 



:= {ooeC^l^ = 0}, (1.60) 
'■^ dT\dn 

W := {V' G -F" I V|ro = 0}, (1.61) 

:= {^eU^\ j^^=ii,l<i<l}, (1.62) 

J^'" := {a; G C^''* | ^ =0}, (1.63) 

^ dT\dn 

Kn,a ._ 1^ g jm,a | ^^^^ ^ q}^ (l_g4) 

W^;'^ := {V^ G Z^"'" I ^ |i = 1 < i < I}, (1.65) 

^ := {a;GC^ I ^ =0}, (1.66) 

U := {V' G I V'iro = 0}, (1.67) 

W^, := {^PeU\ j ^=iiA<i<l}. (1.68) 

When / = 1, we will also work with the open subsets 

■= {a; g7^ I Va;7^0,a;|r, <a;|rj, (1.69) 

J^'" := {a;G7-'"| Va;7^0,a;|r, <a;|rj, (1-70) 

F+ := {w gT" I Va;7^0,a;|r, <W|rJ- (1-71) 



For simplicity, we will sometimes simply write C", C"'", or C°° for these spaces. 

2 The solution operator ip = S{F) 

A solution operator F h-^ i/j returning a uniquely defined steady-state solution can be 
constructed in a neighborhood of the reference steady-state provided it satisfies the non- 
degeneracy condition (NDl). For this part of the proof no restriction on the geometry of 
Q is necessary, and thus we consider (in this Section only) a bounded domain Q C with 
outer boundary component Tq and an arbitrary number I of inner boundary components, 
Ti,l<i<l. 

We assume given a reference steady-state: 

AV^ = F(V^), V^|r„ = 0, ^|^^=0, /.^ = 7. ^<i<l (2.1) 

where the jiS are fixed. It is assumed to satisfy the non-degeneracy condition (NDl). The 
goal of this section is to construct a solution operator ip = S{F) for F in some neighborhood 
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of F (along with the desired estimates) returning a uniquely defined solution to the steady- 
state equation ()1.24p . 

A^ = F{xP), ^|r„ = 0, |7|.=0' f M = ^'^ l<i<l. (2.2) 

Note that we do not assume in this section that F' does not vanish. Recall also that the 
case F' > is special in that the corresponding solution automatically satisfies (NDl). 
The boundary conditions in ()2.2p define the affine space 

U,^ = G I ^|r„ = 0, 1^1^^ = 0, ^ = 7., 1 < i < I}. (2.3) 
The 7j's being fixed, its tangent space is 

Uo = {^e I </)|r„ = 0, 1^^^^ = 0, j^^ ^dl = 0,1 <^< I}. (2.4) 
We will also consider the following linear equation in € Z^o parametrized by c € C^: 

A<p + c^ = k, </.|r„=0, l^j^ =0, ^1^ = 0' l<i<l- (2.5) 
2.1 Linear estimates 

Lemma 4 (Estimates for linear elliptic equations) 

1. Given uo G , there exists a unique ip G solving 

Ai; = cv, V|ro=0, ^7,. = 0, / |^ = 1 < ^ < ^- (2-6) 

I i 1/ 

It satisfies the tame estimates 

I 

+ J^|7i|), n>0. (2.7) 

i=l 

2. For ceC^ in a \\ ■ \\o^a~n'(^i9hborhood and any (p (£ Uq satisfying 

A^ + c^ = k, cl>\r^ = 0, ^ =0, / 1^=0, l<i<l, (2.8) 

dr |r, dN 

we have for n > 

U\\n+2,a < C (||A0 + C<j)\\n,a + ||c||„,a ||</>||o,a) (2.9) 

where the constant depends on n, hut not on c nor (j). 
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Proof 

[T] Holder estimates on Aip = uj The construction of ^ from uj is standard, see [TO] . 
In order to handle the boundary conditions of (j2.2p one defines 



(2.10) 



u 

i=l 

where g-i G C^, I < i < l, are fixed functions with gi\Yo — 0> 9i\Ti — 1) ^-^d gijr^. = for 
j ^ i- Then u satisfies 

Au = w - V'lr^A^i, u\Q^ = d (2.11) 
for which we have the Schauder estimates: for n > 0, 

||w||n+2,a < C(||An||„,„ + |ln||o,a). (2.12) 

Then, 

||V'l|n+2,a < C-(||u;||„,„ + ||^||o,„+5^|V'|rJ)- (2.13) 

i=l 

Similarly we have in Sobolev spaces 

I 

UWh^ <C{\\u:\\l2 + Y,\^\rS)- (2.14) 

i=l 

Observe that by the trace theorem, for each i = 1, . . . , / we have 

iV'irJ < C||^||i2(9n) < C|lV^||i2(n) (2.15) 
while an integration by parts gives 

/ |V^|2 = - / MV' + VVir^T* (2.16) 
Jo. Jn 

i=l i=l 

and therefore 

IIVV'IIl^ < eUiy + ^||w||l2 + iv^irj + (2.18) 

i=l i=l 

Taking e suflaciently small, we can achieve simultaneously 



iV'irJ < C (e\\i,\\L2 + \\uj\\l2 + J2 

1=1 V i=i I 



(2.19) 
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and 

\m<C[ML2 + y]hi\]. (2.20) 



Finally, by Sobolev's embedding (dimension is 2), 

I I 



o,a < C\mH2 < C{\\uj\\l2 + ^ [7i|) < C{\\uj\\o,a + ^ (2.21) 

□ 



i=l i=l 



2j Estimates for + c(f) = k For c G and £ Uq let A(/) + C(/> = /c. Writing 



A(f) = k — c(j), from ()2.7p . and paying attention that the boundary conditions for (p gUq are 
those of ([23]), we deduce by (|5.114|) that 



n+2,a 



< C(||A:||„,„ + ||c||o,a||0||„,a + ||c||„,„||0|lo,a). (2.22) 



Now restricting c to a || • ||o,a-neighborhood and using the interpolation ||</*||j7.^a 
C(€, n)||(/)||o,Q, we can choose e sufficiently small (and independent of c in the 
neighborhood) to get (|2.9p . 



0,Q- 



We say that c € is non-degenerate if 

E{c)cl) = A<p + c<P = 0, </'|r„ = 0, = 0, ^ |^ = 0' 1<^<^ (2-23) 
has only the trivial solution (p = 0. 

Proposition 5 Suppose that c G is non- degenerate. Then, there exists a \\ • \\o,a- 
neighhorhood ofc, 

Ve{c) = {ceC^ \ \\c - c\\o,a < eE} (2.24) 
such that E: Ve^) xUq ^ has a smooth tame family of inverses 

I c k (pi 

Forn>0, ce Ve{c), and k e , 

\\4'\\n+2,a < C{\\k\\n,a + ||c||„,a |1 A:||o,a) ■ (2.26) 

The first derivative with respect to c is given by 

DVE{c) ■ {k, x) = VE{c) ■ (-X0). (2.27) 
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Proof 



[T] Invertibility for c in a || • ||o,Q--neighborhood of c Assume c is non-degenerate: 
A + c, as an operator of Frechet spaces with tiie boundary conditions (|2.23p . has trivial 



kernel. Let (j) E solve 

A0 + c0 = O, <A|r„=0, 1^1^ =0> /|^ = °' 1^^^^- (2-28) 

Then, (/> S C"^'" and, repeating, (/> G C^. Thus, i;^> is in the kernel of A + c as an operator on 
Frechet spaces, and by non-degeneracy assumption (j) = 0. That is, A + c has trivial kernel 
as an operator of Banach spaces C^'" — ?> C^'°^. The Fredholm alternative then implies that 
it is in fact an isomorphism of Banach spaces. In particular, we have the estimate 

||'/'||2,a < C||A0 + c</.||o,, (2.29) 

for all (p £ C^°' satisfying the boundary conditions (|2.23|) . and in particular when cj) £ C^- 
Let now c e C^: 



\0,a<m2,a < C||A,/. + C<^||o,a (2.30) 

< C(||A</) + c0||o,a + ||(c-c)<^||o,a) (2.31) 

< C(||A</> + c0||o,a + ||c-c||o,a||<Al|o,a). (2.32) 

Take then €e sufficiently small in ()2.24|) so that the last term can be incorporated to the 
left-hand side for all (p gUq and any c &Ve{c): 

||,^||o,a < C||A0 + C</.||o,a. (2.33) 

But from (j2.9p we have 

Mn+2,a < C(||A(^ + C</.|U,a + ||c||„,a||</>||o,a) (2.34) 

< C7(||A(^ + C(/.|U,a + ||c||„,„||A0 + c,/.||o,a) (2.35) 

as desired. □ 



2 Continuity in c and k Let c, c G ^e{c) and k,k & C^, and let Acf) + ccp = k, 
+ c(j) = k. Then, (p — (j) solves 



{A + c)-{(p-4>) = {k-k)-{c-c)(p (2.36) 
and the estimates from the previous paragraph and (|5.114p give 



\n+2,a 



(2.37) 



< C ■ [^\\k - k\\n,a + ||(C - C)(l)\\n,a + ||c|U,a(||A: - k\\o,c. + ||(c - c)(/>||o,aj (2.38) 

< cf||A:-fc||„,„ + ||c-c||„,„||(/.|U,„) (2.39) 
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where the constant depends on ||c||„^a only. With k and c fixed, ||(/'||n,a remains bounded 
if and ||c||„,a remain bounded. Then, \\(f) — (j)\\n+2,a can be made arbitrarily small 

provided \\k — a and ||c — c\\n a are taken sufficiently small. That is, 



c k d> 



(n > 0) (2.40) 



is continuous as a map of Banach spaces. Remark that this also implies that 

(n > 0) (2.41) 
is continuous as a map of Banach spaces. □ 



c k (h 



3 First derivative of VE Since VE{c) • k is linear in k, its derivative in k exists and 
is simply VE{c) ■ k. For the derivative in c, fix then x £ and let Cf = c + tx- Denote 
the solutions 

A(/>f + cttpt = k, A<j) + c(l) = k. (2.42) 

Then, 

A — - — + c — - — = -x(l)t, or — - — = VE{c) ■ (-x<^t)- (2.43) 
By continuity of VE, the limit of exists in the C°°-topology. Furthermore, it is given 

by 

DVE{c) ■ {k, x) = VE{c) ■ (-X0). (2.44) 

which is a continuous function of c, fc, x as a map of Frechet spaces. This shows that VE is 
continuously differentiable as a map of Frechet spaces. Finally, it is clearly a tame map of 
c, fc, X since VE is tame. □ 



VE is smooth tame E{c) ■ (p = A</> + ccj) is a smooth tame map as the sum of a 
linear differential operator with constant coefficients and multiplication of functions. Since 
its inverse VE{c) ■ k is tame and continuously differentiable with tame first derivative, The- 
orem 5.3.1, p. 102, Part I, and Theorem 3.1.1, p. 150, Part II of [7J imply that VE{c) ■ k is 
a smooth tame map. ■ 



2.2 The solution operator 

We recall that is not assumed to be diffeomorphic to an annulus, and that the reference 
steady-state F is assumed to satisfy (NDl), i.e. c = —F\ip) is non-degenerate in the sense 
that ()2.23p has only the trivial solution. 
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Let / C M be a closed, bounded interval strictly larger than range(V'). 

Proposition 6 Let uJ = F{iIj) satisfy (NDl). Then there exists a smooth tame solution 
operator to i2.2\) : 

where Vs{F) is a \\ ■ \\2^a-'neighhorhood. For F € Vs{F), 

<C(||F||„,„ + 1), n>0. (2.46) 
Letting V^{F) he the completion ofVs{F) ifi 1 1 ' 1 1 a is coTitifiuoTis as a uidp 

The first derivative, given by 

<P = DS{F) ■ f = VE{-F'm -ifo^) (2.48) 

is continuous as a map 

For F € Vs(F), and any f G , 

Mn+2,a < Ci\\f\\n,a+\\F\\n+l,a\\fh,c.), n>l (2.50) 

Uha < C\\f\\o,a- (2.51) 

The second derivative (pu = D'^ S{F)(fi, f2) is continuous as a map 

\ F A A <t>i2 S 

It satisfies the tame estimates, for F € Vs{F) and any /i,/2 G Cf°, 

\\4'12\\n+2,a < C ( || /l ||n+l,a || /2 || 1,« + || /l || l,a || /2 ||n+l,« + ||-?^ ||n+2,a |1 /l Ib.a || /2 || 2,a ) (2.53) 

for n > 1 and 

||<Al2|[2,a<C||/i||i,„||/2||l,«. (2.54) 
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Proof 



[T] Construction of the solution operator The solution operator will be constructed 
by first applying the Implicit Function Theorem to suitable Banach spaces. Since ultimately 
we want a solution operator in the smooth category, several choices for these spaces are 
possible. We make the following choices. Let Vb(V') C {-0 G \ V'lro = 0>^|r ~ 
0, Jp = 7j, 1 < i < 1} & neighborhood of in which range(V') C /. (Note that this 

makes sense since Hq continuously embeds into C^, and that jp ^n^^ makes sense by the 
trace lemma.) We may then define 

hJ^- ^ ^ ]. (2.55) 

This operator is continuously Prechet-differentiable (for emphasis we work in the Banach- 
category). The assumption that uJ = F{ij)) satisfies (NDl) implies that 

D^H(F,lp)cP = A(l)-F'{lp)^ (2.56) 

has trivial kernel and hence is invertible as an operator 



^ e I Viro = 0, ^1^^ = 0, ^dl = 7.| ^ Lf,. (2.57) 

The classical Implicit Function Theorem guarantees the existence of neighborhoods Vs{F) C 
Cj of F and Vs(ip) C Vo(V') of tp, and a continuously Frechet-differentiable map of Banach 
spaces F € Vs{F) ip G Vs{ip) such that Aip = F{ip). (We will just say that this is a 
solution operator Cj Hq.) By Sobolev's embedding theorem, this is in fact a solution 
operator Cj — ?> for any < /3 < 1. Now composition (F, ip) i— )• Fo^ is continuous as an 
operator x C*^'^ — )• C^'" for any < a < /3 (see Lemma [26]) . Thus, by elliptic regularity 
the solution operator is continuous Cj This along with a simple induction implies 

that the solution operator is continuous 



W+l 



(/ > 1). (2.58) 



The above implies as well that the solution operator is continuous 

(/ > 1). (2.59) 



y F V J 

A first requirement on Vs{F) is that it be a || • ||i^a-neighborhood such that 

Vs{F) C (ys{F)r\C^). (2.60) 
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□ 



2 Tame estimates on ip = S{F) in the C"'"-grading From Lemma IH F € Vs{F), 



by (I5.12ip we have for n > 1 

|n+2,a < C ■ {\\F o V'lln.a + 1) < C • + || ||n,a || i^|| l,a) , (2.61) 



and as long as V remains in a jj • ||i,o-neighborhood. This is the case, e.g. by continuity 
F G C"*^'" ^ ip ^ C^'" and since F G Vs{F) remains in a |[ • ||i_Q,-neighborhood. Recall the 
inequality HV^IIn.a < ei llV'lln+i.a + ^(ei, n)||'i/'||o,a- Choosing ei sufficiently smah (depending 
on n but independent of F € Vs{F)) we find 



n+2,o 



< C-(||F||„,„ + |lV'||o,a). (2.62) 



Since ||V'||o,a is bounded (because ||-F||i,q! is) we obtain the desired tame estimates (j2.46p 
for n > 1. Finally, since ||F||i^a remains bounded, so does HV'llo.o and the estimates in fact 
holds for n > by increasing the constant if necessary. □ 



3] First derivative Let F G Vs{F) and / G Cf, and denote = S{F + tf) and 



ip = S{F) the corresponding solutions. Then, 

A^tl^ - F'(V^)^ = ( ""^^^^ - ""(^^ - F'wtl^) + (2.63) 



Now recall that the solution operator obtained from Step 1 is obtained via the classical 
Implicit Function Theorem, and therefore is a Frechet-differentiable map of Banach spaces 
-F G C| I-)- ^ G . Thus, the limit (j) of exists in H^, and it satisfies 

A(p- F'{7p)(j) = f{7p) in (2.64) 

By Sobolev's embedding, — 7-4 (j) also in C'^'", and in turn the right-hand side of (j2.63p 
converges in C^'" as well. This implies that -^t 4' iii C^'" by continuity of VE. 

Repeating, one can show that -^t 4> in C^^'^ for each k, in other words that it converges 
in the C°°-topology. This proves that the derivative (j) oi ip = S{F) at F in the direction / 
exists. Furthermore, it is given by (/> = VE[—F' oip)[f o ip) which is clearly continuous and 
tame. More precisely, from ()2.4ip . we find that 

\ F f 4> = DS{F)f J ' " ' 

is continuous as a map of Banach spaces. (Taking / G C" does not improve (p.) □ 
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4 Tame estimates on cp = DS{F)f in the C"'"-grading Since we will invoke tame 
estimates from Lemma H] to derive tame estimates on cp = DS{F)f, we will take es suffi- 
ciently small so that 

Vs(F) = {F: \\F-F\\2,a < es} C {Vs(F)nC^) (2.66) 

and such that F'{'il^) € Ve{c) whenever F € Vs{F), where c = —F'{ijj) and Ve{c) is as in 
Lemma El By ^(TM and (|5.121j) . we have for F G Vs(F) and n > 1 

||<^||n+2,a < C(|l/(^)|U,„ + ||/(V')||o,a||F'(^)||„,,). (2.67) 

Now 

\\fm\n,a < C(||/|U,„+||V'|ka|l/|ll,a) (2.68) 

< C{\\f\\n,a+\mn+3,a\\f\\l,c.) (2.69) 

< C(||/|U,„+||F||„+i,,||/||i,„) (2.70) 

for n > 1 while 

\\fmO,a<C\\f\\o,a (2.71) 

since ||V'||i,a remains bounded (because does). Next, for n > 1 

l|i^'(^)lka < C(||F'|U,„ + |jV'||n,a||i^'||l,a) (2.72) 

< C'(||F||„+i,„ + ||V||„+3,„||F||2,«) (2.73) 

< C'll^lln+l,a (2.74) 

and this holds in fact for n = as well since |[F'(^/;) |lo,a < C||F|li^a because HV'lli.a remains 
bounded. With the above, we have for n > 1 



|n+2,a < C(||/|U,„ + ||F||„+i,„||/||i,„) (2.75) 

and for n = 

Uha < C{\\fmo,a + \\F'm\o,a\\fmO,a) (2.76) 

< C(||/||o,a + ||F||i,„||/||o,„) (2.77) 

< C||/||o,„ (2.78) 

since and ||i^||i,a remain bounded for F £ Vs{F). □ 



5 Second derivative Since cj) is a differentiable tame map of F and /, it is immediate 



that S{F) = ip is twice continuously differentiable and tame (and in fact smooth tame). 



25 



Implicit differentiation on Acpi = F'{ip)(j)i + fl{^p) shows that the second derivative 0i2 in 
the directions /i , /2 satisfies 

A(/.i2 = i^'(^)</'i2 + F"{i;)(Pict>2 + m)(t>i + f[m^2 (2.79) 
where A(p2 = F'{'ip)(j)2 + /2('0)- From (|2.65|) . we conclude that 

1 /l A 012 J 

is continuous as a map of Banach spaces. □ 



Tame estimates on the second derivatives We need first tame estimates on 
F"(^)0i</.2 + f2{tp)^i + f[{ip)h- Since F G Vs(F), we have for n > 1 

\\F"m\n,a < C(||F"||„,„ + ||V^||„,„||F"||i,,) (2.81) 

< C(||F||„+2,a + ||F||3,a) (2.82) 

< C\\F\\n+2,a (2.83) 

and this holds in fact also for n = since HV'IIi.q remains bounded. Next with i = 1, 2, 

\\nm\n,a < C(||/,||„+i,« + ||F||„,„||/,||2,a) (2.84) 

for n > 1 while ||//(V')||o,a ^ C'll/i||i,a since HV'lli.a remains bounded. Thus, recalling (j2.5Up 
and (j2.5ip . we have for n > 3 

||F"(V')0102 + /2(V')01 + /{(V')02||n,a (2.85) 

< C{\\F\ij)\\n,aUlhA\HW + ||</'l||n,a||</'2||0,« + ||01 ||o,« ||</'2 ||n,a (2.86) 
+ \\f'im\nAMo,c. + \\f[m\0,M\n,c. (2-87) 
+ ll/2(V')lka||0l||o,a + ||/2(^)l|o,a||0llka) (2.88) 

< c(||F||„+2,a||/l||0,a||/2||0,a (2.89) 
+ (ll/l|| n— 2,a + l|i^ll n—l,a ll/l||l,a)ll/2||0,a (2.90) 
+ ll/2||0,a(ll/2|| + \\F\\ ll/2||l,a) (2.91) 
+ (ll/l||n+l,a + ||i^||n,a||/l||2,a)||/2||0,a (2.92) 
+ ll/l||l,a(ll/2|| n— 2,Q + l|i^ll \\f2\\l,a) (2.93) 
+ (||/2||n+l,a + ||i^||n,a||/2||2,a)||/l||0,a (2.94) 
+ ll/2||l,a(ll/l|| n—2,a + \\F\\ ll/i||i,a)) (2.95) 

||/2||l,a+||/l||l,.||/2|| + \\F\\ n+2,«||/l ||2,a||/2||2,Q^ (2.96) 
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and one can verify that this also holds for n = 1,2 since HV'lU.a remains bounded for 
F € Vs{F). Finally, for n = 0, we have 

||F"(V')01</'2 + f2Wh + /(W02||n,a < C || /i || || /a || (2.97) 

The tame estimates on 0i2 are thus, for n > 1, 

||</'12||n+2,a (2.98) 

^ C'(^||/l||n+l,a||/2||l,a + || /l || l,o || /2 + l|n+2,a || /l || 2,a || /2 1| 2,q: (2.99) 

+ ||F||„+i,,(||/i||2,a||/2|j2,a+ ||F||3,a||/l||2,a||/2||2,a)) (2.100) 

< c(\\h\\ 

n+l,a ||/2||l,a + ||/l||l,a||/2|l + \\F\\ ||/l||2,a||/2||2,a) (2.101) 



where we have used interpolation to get ||i^||n+i,o 

ll^l|2,a <C||F|| 

Finally for n = we have 

||<^12||2,a < C||/i||i,„||/2||l,a. (2.102) 



Remarks Garding's inequality fails in the C"-grading. Yet, u = F{ip) is if F is C", 
and furthermore (see Lemma [26|) the map 



F uj = Fiip) 



(n > 1) (2.103) 



is continuous. Likewise, from = A(j) it would appear that loses two derivatives from F. 
However, writing v = F'{%l))(j) + f{ip), one finds that in fact 



F f ^ V 



(n > 1) (2.104) 



is continuous as a map of Banach spaces. Finally, the second derivative 1^12 of F 1-^ a; in 
the directions (/i,/2) is continuous 

f vs(F) X cr^ X cr^ c^'"^ 1 . ^ , ^ 

{ 'I' \ \ ^ \ > 1) (2-105) 

y F ji h vi2 J 

as a map of Banach spaces. I 
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3 Distribution functions and co-adjoint orbits 



We are now assuming that ft is diffeomorphic to an annulus: 

dn = rouri. (3.1) 

This Section is concerned with estabhshing properties and estimates on distribution func- 
tions for functions uj, which are locally constant on the boundary and have no critical 
points. These results will apply equally to stream functions, which further satisfy •i/'|ro = 0) 
and to steady-state vorticity functions, which are locally constant on d^l as observed in the 
Introduction. Without loss of generality we will assume that a;|p. < co^j-^, and therefore we 
will work with spaces J-"" and J-+ introduced at the end of Section [TJ 
We begin with the following useful result. 

Lemma 7 (Global coordinates on 0, induced by cj) For each oj G J-+ there exists a 
global coordinate system for Q, z: [0, 1] x ^ such that \t\ x is mapped onto the 
level set {x G : uj(x) = mincj + i(maxa; — minuj)}: 

u}{z{t, s)) = minw -|- t{maxuj — mmu). (3.2) 
The map oj ^ z is continuous J^" — )• C'[o'i|x§i' ^ 2. 

Remark The proof of Lemma [7| can easily be adapted to achieve a continuous map 
— > Cj^ However, this will make no difference in the rest of the paper as z will 



always be used in connection with a factor y^j^jj which is of class C"' ^ when uj € J-"". 

Proof Let Ci(s), < s < 1, be a smooth parametrization of Tj. For each s, let z = z{t, s) 
be the solution to 



Va;(z) 



(maxo; — mina;)— - — , z{0) = Ci{s). (3.3) 



Since ■^u}{z{t)) = maxw — minw, we have u>{z{t, s)) = mina; + t(maxa; — minw) for t € [0, 1] 
and s G S^. It is standard that if a; € C", n > 2, then z is C" in t and C"~^ in s. 

For uj,uji, denote / = (max oj — min oj) |^^2 ) fi = (maxwi — min wi ) j^^^ , and z,zi the 



'^'The loss of derivative is in tiie s-direction only. To regain this derivative, write the inverse mapping 
9^ , apply a suitable smoothing operator to the second factor 6, and note that this 



max Ci; — mill ' 



perserves the property (|3.2 
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corresponding coordinate systems. For t G [0; 1]; s € S^, 

z{t,s)- zi{t,s) (3.4) 

(f{z{e,s))-f{z^{0,s)))d9+ [ {f-h){z^{e,s))de (3.5) 

JO 
t /.I 

vf{zi{e, s) + t{z{0, s) - zi{e, s)) ■ {z{e, s) - zi{e, s)dTde (3.6) 



so that 




'0 JO 

+ / {f-h){zi{e,s))de (3.7) 







\z{t,s)-zi{t,s)\ < sup|V/| / \z{e,s)-zi{e,s)\de + snp\f-fi\. (3.8) 

Jo 



(3.9) 



This is the same as 

^ (^e-'^'P^^f^' J\z - zi\{9,s)de^ < e-^"Pl^-^l*sup|/-/i| 
hence integrating 

/ \z-zi\{e,s)de<e'^'P^^f^' e-^"Pl^^l^up|/-/i|d0<sup|/-/i|^ — . (3.10) 

JO Jo |supvj| 

In turn, 

\zit,s) - z,it,s)\ < supl/ - /il (e^'^Pl^^l + l) . (3.11) 

Given /i G C^, for any / G C"*^ in a neighborhood of fi such that |V/[ < M, then sup \ z — z\\ 
can be made arbitrarily small provided sup|/ — /i[ is chosen sufficiently small. In other 
words, / iH^ z is continuous as a map ^ . 
Estimate now 

|i(t,s) -ii(t,s)| (3.12) 

< \l^z(t,s))- f{zr(t,s))\ + \{f - h){z(t,s))\ (3.13) 

< / |V/(zi(t,s) + r(z(t,s) -zi(t,s)))||z(t,s) -zi(t,s)|(iT + sup|/-/i| (3.14) 

JO 

< sup|V/||z-zi|+sup|/-/i| (3.15) 



which shows that / i-^ i is continuous ^ . 
To estimate the derivative in s, differentiate 

j^z\t, s) = Vfiz{t, s)) ■ z'it, s), j^z[{t, s) = V/i(zi(t, s)) ■ z[it, s) (3.16) 
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and observe that z'{0,s) = z[{0,s), s G S"^. Integrating, 

z'{t,s)-z[{t,s) = fvf{zi{e,s)){z'{9,s)-z[{e,s))de (3.17) 

Jo 

+ [ i\7f{z{e,s))-vhiz,ie,s)))z[{e,s)de (3.18) 

Jo 

and thus 

\z'{t, s) - z[{t, s)\ < sup |V/| r \z'{9, s) - z[{9, s)\d9 + sup jz^l sup |V(/ - /i)|. (3.19) 

^0 

As above, we find 

/gsupiv/l \ 

\z\t,s) - z[{t,s)\ < sup \z[\ sup \V if - fi)\ + 1 ' (3.20) 

\sup|V/| J 

showing that / i— ?• z' is continuous ^ C^. 

Therefore, / i-^ z is continuous C^. Differentiating further in t and s, one estab- 

hshes easily by induction that / i— ?> z is continuous for each A; > 1. ■ 



3.1 Properties of the distribution function 

Linearizing a; o 7/ at ?? = id, a tangent 1^ to O,^ at oj is of the form 

1^ = {uj, a} for some stream function a ^lA. (3-21) 

This is a first order PDE in a hence can be locally integrated along the characteristics, 
which are here closed curves. The compatibility conditions (to be able to integrate round 
these closed curves) are 

j ^^^^^ ^^ dl{x) = 0, mino; < A < maxw. (3.22) 

{x : u){x)=X\ 

On the other hand, if w G then the distribution function Aaj(A) = | {x: uj{x) < A} | can 
be expressed as 

Auj{X) = 1 I T= — -f—-dl{x)dX, A G [mintj, maxw]. (3.23) 

Jmmuj Jx:u}(x)=\ |Va;(2;)| 

This is easily seen using the coarea formula (see § 3.2 in [6j) 

u{x)\Vuj{x)\C{uj{x)) dx = C(A') / u{x)dl{x) dX' (3.24) 

I'mini.i; J x:u){x)=X' 
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with u{x) = yj^^,-^ and C('^') the characteristic function over the interval [mina;,A]. Much 
of the work will be devoted to the detailed study of 



Juju{X) = / u{x)dl{x), A € [mincj, maxcj]. (3.25) 

J x:u]{x)=\ 

With this notation, the coarea formula reads 

u{x)\Vuj{x)\C{oj{x))dx = j CWJu,u{X) dX. (3.26) 



/ 

Jn 



'n 

The derivative of Ai^ can then be written as 



< = (3.27) 



and, differentiating A^^{A^{X)) = A, that of A^^ is 

{Az'y = / (3.28) 

Proposition 8 (A^ characterizes 0{uj) locally) 

1. For uj,uji E J-'+j let z,zi be the global coordinate transformations from Lemma^ If 
uj,uJi G J-+ and A^^-^ = A^, then there exists t] G V^oi such that oj = uji o rj. 

2. Let uj G and let v G such that v^qq = 0. Then, there exists a stream function 
a (zU such that 

v = {uj,a} (3.29) 

if and only if 

/ T^dl = 0, AG range{uj). (3.30) 
Joj=x |Va;| 

3. Let We G uiQ = UJ. Then, '^^^ = 0, if and only if v = ^^|^_q is tangent to the 
orbit 0{u)) at uj, i.e. v = {a;, a} for some a &U. 

Proof 

[T] A^ characterizes 0{(jj) locally If A^-^ = A^, then setting cj) = zi o z~^, we have 
u = uji o ([). Next we construct a diffeomorphism tp which moves points along the level sets 
of LOi in such a way that r] = ip o (j) £ D^oi- We write it in the form 

ip{x) = zi{t, a{t, s)), where x = zi{t,s) (3.31) 

or tp = zi o a, where a{t, s) = {t, a{t, s)). The condition det (^^^^^ = 1 can be written in 
the form (Zoa)dsa = F where Z = det ( . ] and F = — , ^} ^ . This is a collection 

d(x,y) 
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of ODEs in s parametrized by t. Let then a{t,s), {t,s) G [0, 1] x [0, 1], denote the solution 
such that a(t,0)=0,0<t<l. Setting rj = ip o (j) defines a local diffeomorphism — )• 
such that det ^ g(x,y) ) ~ needs to check that r/ is a global diffeomorphism of ^l. 

Fix A G range(a;) so that z (^ ^^^^'^1^^^ ; 0^ is a point on the level set {to = A}, and 
denote q = q{t) the solution to 



q = V^uiq), qiO) = z ( , o) . (3.32) 

\ max CO — mm uj J 

Clearly, q{t) travels around the level set {u = X}. This is a Hamiltonian flow with respect to 
the symplectic form dvol = dxAdy. Now r/ is a local symplectomorphism, so that qi = rjoq 
solves 

gi = VVgi, qm=7]lzi : ,0 . 3.33 

\ \ max u — mm u) J J 

Clearly, qi{t) travels around the level set {uji = A}. But = A^^, so that the travel time 

of q{t) and qi{t) around {uj = A} and {ui = A} respectively are the same: 

f dl d , d , f dl , 

Finally, qi = rj o q so rj takes {a; = A} onto {wi = A} for each A and the claim is proved. □ 



2 Characterizing u \\ 0{(jo) Equation (I3.29P is a first order PDE in a, and the char- 
acteristics are the level sets of uj. Thus, it is locally solvable and (j3.30p are precisely the 
compatibility conditions that ensure that a is globally defined (the characteristics are sim- 
ple closed curves). □ 



3 Characterizing v \\ 0{ijj) in terms of distribution functions We will show that 



(j3.30p holds. This is immediate once the identity 

^ A^X^) = -J.j^iX) = - [ T^dl (3.35) 

de\e=o \Vuj\ Ji^=x 

is proved. Let A be in the interior of range(a;) and let / be a function of M. such that /' 
has support contained in the interior of range(a;). Then, by the coarea formula (j3.26p 

^ / fiuj,ix))dx= [ f{uj{x))u{x)dx= [ f'{\)J^^(\)dX. (3.36) 

By approximation, this holds for / a continuous, piecewise linear function. Fix then A and 
for 5 > let f^{X') have value 1 for A' < A, for A' > A + 5, and linear in between. Then 
i|,=oL/'(^e(a:))dx WeA^.W while J^ify (X')J^^^(X')dX' -(^^^)(A). ■ 
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Lemma 9 Setting N = 

-j^{Jivu){X) = Juj ^ ^ i^^i (A), A G [mina;,maxa;] (3.37) 

Proof Let (" be an arbitrary smooth function with compact support in (mm uj , max u) . 
Integrating by parts the coarea formula (j3.26p . using the identities ^{Couj) = (^'{ljj)'Vuj and 
div((C o uj)uN) = (C ° uj)div{uN) + (V(C o uj),uN), and the coarea formula again, we have 

C(A)(J^u)'(A) dX = - [ u{x)\Vuj{x)\C'iuj{x)) dx (3.38) 

Jn 

div {uN) {( o uj) dx (3.39) 

n 

C(A)jJ ^^;^^ ,'M (A) dX. (3.40) 



Lemma 10 Let lo^ & J~ and u G . Then we have the pointwise derivative 

TT Ju^M>^) = -J^\ ^ \ A , where y-= w,. 3.41 

Proof For an arbitrary function C, with compact support in (minw, max w), differentiating 
the co-area formula (j3.26p 



u{x)\Voj,{x)\C{uje{x))dx= C(A)^<u(A) dA (3.42) 



at e = we obtain 



u{x) 



(Vw, Vz^)^^^^^^^ + \Vu\C{uj{x))u{x) 



dx 



C(A) ( ^1^^/-.^ ) (A)dA 



(3.43) 

On the one hand, the coarea formula (|3.26p and an integration by parts give 



u{x)v{x)\Vu\C'{uj{x))dx= / C W{Ju,{uy)){X) dX = - CW{J^{uu))' {X) dX 

n Jminu) J mill w 

(3.44) 

and on the other, 

-(x)^^^C(-(x)) = n\{X)jJu^^^^]{X)dX (3.45) 
Since C is arbitrary, and using (j3.37p . we conclude with 
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3.2 A^^ is a smooth tame map of u 



We will heavily rely on contimiity and tanicness of operators introduced in the Appendix. 
Also, we recall the Faa di Bruno formula: if /, g are two functions of one variable, then the 
n-th derivative (n > 0) of / o is 

(/05)(") = E E ^k-,n,...,j,{f^'^og)g(^^)...g(:i>'), n>0 (3.47) 

fe=l jlH hjfc=n 

ilvjfc>l 

where Ck-jj^^...j^ are constants. If / = g~^, then /' = and (f og)^^^ = for > 2, hence 

n—l 

&^ = -{frY. E c,;,i,...,,J«(5(^-^)o/)...(50'=)o/), n>2. (3.48) 

k=l jiH |-jfe=n 

ji,...,jfc>l 

Proposition 11 {Q{ijj) = is smooth tame) 

1. The operator 

Q: 



IS a smooth tame map of Frechet spaces with first derivative 



(3.49) 



DQ{uj) ■ u = 



T ^ o 



(3.50) 



For n > 0; a; G Tj^ fl II ■ ^2,a~''^^i'9h^orhood, and any u,v-i,V2 € 



lA: 



< C(||w||„,„ + 1), 



\\DQ{uj)v\\n,a < C'dl'^lln.a + ||'*^||n+l,a|k||l,a) , 



(3.51) 

(3.52) 



|D^(5(a;)(l^l,Z/2)||n,a < C"-! ||z^l||n+l,a||z^2||l,a + ||'^l||l,a||'^2||n+l,a (3-53) 



+ ||i^||n+2,a||i^l||2,a||i^2||2,( 



(3.54) 



2. The operator 



u u 



^[o,|n|] 



(3.55) 



is smooth tame. Forn > 0, u in a \\-\\2,a-iT'^whborhood and anyu (without restriction), 



Ju: 



u 



oA: 



< C ■ (||n||n,a + ||w||n+l,a||w||l,a). 



(3.56) 
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What prevents one from working directly with is that the range of uj is not fixed and 
that A'^ is necessarily discontinuous at the endpoints of range(a;). This problem is resolved 
by working instead with the inverse distribution function A~^, at the cost of a fair amount 
of technical complications. 

Proposition [11] is split into Lemmas [T2l \T3\ and [TH For continuity, the C^-grading will 
be more convenient. However, tame estimates will still be derived in the C"'"-grading. 

Lemma 12 {Q{uj) = A^^ is continuous) Q{uj) = A^'^ is continuous as a map of Frechet 
spaces. More precisely, the following are continuous as maps of Banach spaces: 

Q:\-^+ \ (m>2), (3.57) 



A, 



w u (J^u) o A- 



{m > 2), (3.58) 



Proof 



[T] Lo 1-^ A^^ is continuous C" — > C™, m > 2 In order to alleviate some of the 
complications of working with A^^ (rather than A^ directly), we will use the following 
device. Fix oji G For uj € J-+, let L02 € J-+ and a a monotone increasing function such 
that range(a;2) = range(a;i) and lo = a o uj2- We will take a to be affine: 



Fix A; > 0. Then 



maxw-mmw , . , /o r..\ 

U! = ao UJ2 = mm (J H [uj2 — mm 0^2). (3.59) 

max UJ2 — min UJ2 



KlWk < \\A-l,-Azl\\k + \\AzyAzl\\k (3.60) 
= \\{a-id)oAZ^\\k + \\AZ^-Azl\\k (3.61) 
= Ik + Ilk- (3.62) 

□ 



2 Estimating Ik In view of ()3.47p . Ik is arbitrarily small provided ||a— id||fc is sufficiently 



small while \\A~^ \\k remains bounded. Since a is affine, the former is small provided ||a;— wi ||o 
is small. Next, we show that ll^J^^Hfc remains bounded provided ||a;2||fc is bounded and 
11^2 — uji\\2 is sufficiently small. 

Observe first that H^Jj^Ho = max(| maxw2|, | mina;2 
fixed. For A € range (a;2), 

r rii r — 



max(| maxwl, | mina;|) which is 



dl 



UJ2=\ 



ds 



A— miim2 
maxtiJ2— niina;2 ' 



Aesi |Va;2(2:2( 



A— minaJ2 
max UJ2 — min t^2 



-ds. 



(3.63) 
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Fix then Li and a neighborhood 



\l02 — ^i\\2 < Co 



where 



< 



dl < Li 



and 



aj2=A 



for A G range (a;2)- Now 



IJL G [0, \VL\ 



(3.64) 
(3.65) 

(3.66) 



so that 11^4^2^ 111 remains bounded when ||cj2 — t^^ilb < eo- 



For the higher order derivatives, we use (j3.48p : , , n > 2, is given by 



_1 N ra n— 1 



A:=l jiH \-jk=n 

il,---Jfc>l 



o 



(3.67) 



An induction shows that ^^"^ is bounded provided — — 



dpL '■ • • ' d/i" 



-. We show that this 



holds when ||c<J2||n is bounded. Setting 

1 div(7;™_iiV2) 



^^0 



|Va;2 



IVwq 



m > 1 



(3.68) 



where N2 = y"^ | , Lemma [9] yields 
d^A^,{X) 



Vj-idl 

0)2= A 

/ / A — min UJ2 

Vj-i Z ( : . 

sesi V V maxa;2-mma;2 



dz 



ds 



A — min uj2 
max UJ2 — min 002 ' 



(3.69) 
(3.70) 

s ] ds. (3.71) 



But Vj_i is a smooth expression of the derivatives of uj2 up to order j. Therefore, with 



— f^ilb < Co and ||a;2||j bounded, ||j4, 



aJ2 llc'J 

range ((^2 ) 



is bounded. 



□ 



3 Estimating //^ Since L02 and wi have same range, we may invoke general results on 



the inversion operator, see Lemma [271 in the Appendix: for k > 1, 11^ is arbitrarily small 
provided WAi^.^. ~ Aillc* is taken sufficiently small. Restricting to functions such that 

range (^2) = i'ange(a;i), it remains to show that uj2 ^ A^^^ is continuous ^ , k > 2. 
But this is immediate in view of (|3.7ip and the fact that a; 1— > || is continuous —?■ 
for j > 2. □ 
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4^ {uj,u) 1-^ (Juju) o A^^ is continuous C™ x (7™-! C™"^, m > 2 Let u,ui, and 
a;,a;i with corresponding coordinate systems z,zi. For G [0, writeA = ^~^(//), 
Ai = A-^i^n), and t 



A— mine 



max o)— mm a; 



maxwi— miriLJi 



Then 



udl 



UJ = \ 



Uidl 



uii =Ai 



u{z{t,s)) 



dz 



ds 



{t,s) - ui{zi{ti,s)) 



dzi 



ds 



(ti,s) ds 



(3.72) 
(3.73) 

(3.74) 



and the integrand is small (uniformly in s and fi) provided \\u — ui\\o and ||a; — a;i|[2 are 
taken sufficiently small. This shows that {uj,u) i-^ Ji^u o A^^ is continuous C'^ x ^ C^. 



Write 



7 di^oA-Mx^^^^ 



where N = t^^. Since (w, n) i— 



div(MjV) 



is continuous x — )• and uj ^ A^ is continuous C'^ — )• C^, we conclude thanks to 
the previous paragraph that (w, u) i-)- J^u o A~^ is continuous x ^ C^. 

As for higher order derivatives, set vq = u, Vm = '^'^^|vJ|^^"* ' ""t- ^ 1- A simple induction 
shows that (cj, u) i->- is continuous FT^^ x 



C^. Now from (lOTll we find 



d"(J^7Xoyljl) 



fc=l iiH l-ifc=n 

iiv,ifc>i 



E 



d^Jt^u 
dd' 



a: 



^ ^ Ck;j,{JojUkoAj] 



k=l ji-i l-jk=n 



dp^ 

dfin 
d^j^ 



d^^A; 
dfi^k 

d^'^A-} 



Again by induction (w, n) i-^- J^juo A^ is continuous x C 



in—l 



dfP'' 
> C"-\ n > 2. 



(3.75) 
(3.76) 

(3.77) 



Lemma 13 {Q{uj) = A^'^ is tame) 

1. For n > and 

\\AZ^\\n,a < C - (||a;||n,„ + l). 



(3.78) 



2. For n >0, oj in a 



■ l|2,Q! 



-neighborhood and any u (without restriction), 



n,a ^ C ■ (||'u|ln,a + H'^ |ln+l,a |1^|| 1,0) • 



(3.79) 
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Proof 



[T] Estimate on WJ^u o j4^^|[o^a Recall that eo is defined in (|3.64p . Clearly, 

\\JuiU o A7.^\\q < Li||n||o. 



(3.80) 



To estimate the Holder-constant of J^u o A^^ , fix /i, /i' € [0, and set A = A^^{y?), 



\' = A-\,i'),t 



A— mino; 
maxtj— mintj 



A — mincj 



Then, 



JujU{X') - JujU{X) 



u{z{t',s)) 



dz 



u{z{t',s)) 



ds 
dz 



ds 



{t',s) - u{z{t,s)) 
dz 



dz 



ds 



{t, s) I ds 



{t',s) 



+ {uiz{t',s))-u{z{t,s))) 



dz 



ds 



ds 
{t, s)ds 



(3.81) 
(3.82) 

(3.83) 

(3.84) 



Since uj is restricted to a || • ||2,o-neighborhood. Lemma [7| gives that the first term is bounded 
by C||ti|[o|t' — t\ while the second is bounded by C[u]a\z{t' , s) — z{t,s)\°' < C[u]a\t' — 
Now from the proof of Lemma [T2| {A~^y is bounded, so that \t' — t\ = C\X' — A| < C\iJ,' — 
In conclusion, for cj in a || • ||2 ^-neighborhood and any n. 



\JujUO A^'^Wo^a < C\\u\\(,^, 



(3.85) 



for w in a 
m = 0. 



2,a 



■neighborhood and any u (without restriction). This implies ()3.79p for 

□ 



2 Estimate on ||j4^^i|i,a With (A^^)' = - — with \\u — sufficiently small 

remains bounded, and thus making eo smaller if necessary, (^J^) remains bounded in 
II ■ ||o,Q for llw - tJ||2,o < eo- □ 



3 Estimate on ||tim||o,a Suppose first (for simplicity) that u,a are smooth functions of 
one variable and set uq := u, Um '■= {um-io)' a, m > 1. By induction, one verifies that Um 
is then of the form 



J2 cm;n,...,j^u^''^a'^^'^ ■ ■ ■ a^^-^a"^. (3.86) 



ioH \-jm=m 

j0,---Jm>l 
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Using (|5.114p . and interpolation inequalities ()1.39p on all factors (between their || • ||o,a and 



\m-jo,a 



■norms), 



|a llo,, 



ioH him=m 

jOv,im>l 



< C\\a\to:a E 



lm-jo,a 



ioH Vjm=m 

iOvJm>0 



< c^lkllfc 

^ C'||a||o™Q,(||u||o,«||a||m„a + ||w||m,a||a||o,a) 

where Im is some positive integer depending on m. In turn, 

|Km||o,a < C'dl^illm.a + ||a|U,a ||^i||o,a), m > 1 

for all u without restriction, and a in a || • ||o,o-neighborhood. 



(3.87) 

(3.88) 

(3.89) 
(3.90) 

(3.91) 



The situation with Um as defined by Um = '^'^^jvL|^^'* dealt with in a similar 



fashion, only the details are more tedious. Here, a plays the role of y^j^ or N 
conclusion, 

II ||o,o < ^(11^11 + IMI|m+l,a||'u||o,a), m > 1 

for all oj in a II • ||i^Q-neighborhood and all u without restriction. 



(3.92) 
□ 



4 Estimates on \\JujUm o^aj^llo,a We easily conclude from (|3.85p and ()3.92p that 



JuUrn° Aj\\^^<C\\\u\\rn,a + \\'^\\m+l,a\Wh,c?), m>0 (3.93) 



0,a 



for w in a II • ||2,Q-neighborhood. 



□ 



5 Estimate (|3.78p on ||A^^||n,a In this paragraph only, we write 

1 



f = Az\ g = A, 
with derivatives /', g', J'. Since g' = J, 



and J = Ju; 



|Va;| 



n-l 



(3.94) 



fin) ^ -(fYY, E ^!'m,-,jJ^'\j^''-'^of)...ij(^^-')of) (3.95) 



k=l iiH hifc=n 

jl,...,jrfe>l 
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hence by (|5.114p 



\\&^h,a < CWf'Wl^ Yl E Wf^'^haWJ^''-'^ o /||o,« • • • II J^^-'^-i) o /|[o,„. (3.96) 



k=l jiA \-jk=n 

jiv,ife>l 



We prove by induction the estimate (j3.78p . We have already seen that is bounded 

for a; in a II • ||2,a-neighborhood. Suppose the estimate (j3.78p proved up to some n — 1 > 1. 
Prom p.93p || J^-'"^^ o /||o,q! < C ■ (||a;||j^Q, + 1), j > 1, hence by the induction hypothesis 



n-l 



||/(")||o,« < CWf'Wl, E dl'^ll'^." + ^)(Mn,a + !)••• (I|a;||,„„ + 1). (3.97) 

fc=l jiH l-jfc=" 

The double sum is the sum of 1, ||a;||/^. „||a;||jj_Q • • • ||a;||jj.^a, and products of fewer factors. 
For simplicity, consider only the term ||f^||fc,Q||w||j^,a • • • |!w||jj.,o (the other terms are in fact 
easier). We interpolate each factor between its || • ||i,o- and || • ||„^cj-norms using (jl.39p 

IMIIfc,o||'^||ji,a ■ ■ ■ ll'^llifc,o (3.98) 

n-k fc-1 i-Jl Jl -1 "~ik Jfc - 1 

< C ■ llwll;^^^ llwll^a' • ||w|Ii"^' ||w||nV • • • ll^ll^^"' M\n,a (3.99) 

< C-||a;||„,„ (3.100) 

since ||w||i^a remains bounded and ji + ■ ■ ■ + jk = n. This establishes the tame estimate 
(j3.78p on for in a || • ||2,a-neighborhood. □ 



6 J^u o A^^ is tame Setting / = J^^u and g = A^^ in ()3.47p and with 

div{um-iN) 
Uq = u, Um = 7^=—. , m > 1, 



\Vuj\ 



we have 



d^iJ^uoA-^) " 



fc=liiH \-jk=n 



d^'A: 



d^^A; 



dfi- 



Jk 



(3.101) 



. (3.102) 



From (j3.93p . ()3.78p . and (|3.92p . and by ()5.114p . we have for a; in a || • ||2,Q-neighborhood 
and It in a II • ||o,a-neighborhood, 

'd^'A-}\ fd^'^A-.^' 



[JujUk o A J] 



dp,- 



0,a 



< C ■ {\\u\\k,a + ||w|U+l,a)(||w|lii,a + 1) • • • (llw||j^,a + 1)- 



(3.103) 
(3.104) 



Products of ||a;||j(^'s can be estimated by ||(^||n,Q in a- way similar to that which led to 
(|3T00]1 . Consider now ||'u||fc,a||'^||ji,Q ■ ■ ■ ll'^lljfcja (the remaining terms are easier and their 
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estimation will be omitted). Interpolating each factor between its || • ||i^q, and || • ||n,a-norms 
with (I1.39P and using the inequality x^y^~^ < x + y {0 < 6 < 1), we find 



n—k k~l 
n — 1 11^,11 n — 1 

n.a 



(fc — l)n n — k 

n — 1 || ||n — 1 
1 a ll^ll^iCK 



< C-\\uj 



< C'-dl 



(3.105) 
(3.106) 
(3.107) 



for w in a II • ||2,Q-neighborhood and n in a || • ||i.a-neighborhood. Replacing u by Vw one 
immediately obtains 



||'^||fc+l,a||'^||ji,a ■ ■ ■ ll'^lljfc.a ^ C ■ ||a;||„+i^Q,, n > 1 
for w in a II ■ ||2,o-neighborhood. Putting these together, we arrive at 



< C • (||a;L+i,a + |k|| 

n.a ) 



3k 



0,a 



and summing, 



\Juu o A: 



< C ■ {\\uj\\n+l,a + \\u\\n,a + 1), 



n > 1 



(3.108) 

(3.109) 
(3.110) 

(3.111) 



for u! in a || • ||2,a-neighborhood and all u in a || • ||i^Q,-neighborhood. Since J^jUoA^^ is linear 
in u, see Proposition [21 



\\JwU o \\n,a < C ■ (||n||„,Q + ||a;||„+i,a||n||i,„), 



n > 1 



(3.112) 



for w in a II • ||2,a-neighborhood and all u without restriction. This is ()3.79p for m > 1. 
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Even though Q is in fact smooth, two derivatives are sufficient for the Moser iteration. 



Lemma 14 {Q{uj) = A^^ is smooth tame) Q: Tj^ ^[o^|f^|] ^^ce continuously dif- 
ferentiable as a map of Frechet spaces. Its first derivative is given by 



DQioj) ■ V 



1 ^ o 
'^'^ IV^I ° 



(3.113) 



For n> 0, uj in II ■ 1 1 2, a "^6^5^^*""^'"-'^ and any v without restriction, we have 

J^— -oA-i and \\DQ{uj) l^\\n,a < {||i^||n,a + ll'^Hn+l.aHi^lllja} • (3.114) 



The first derivative 



CO 



■m—l 

u 



/-im—l 

DQ{oj)u 



(m > 2) 



(3.115) 



is continuous as a map of Banach spaces. 

More generally, {u;,u) G x C'l^^fji] ^ JuiUoA'^ G C[o^|q|] smooth tame. For uj in a 
II ■ \\2,a-n'^whborhood, u G C^, v ^ T , the first derivative in u satisfies 

'"||n+l,a||'^||l,a + ||'"||2,a ||j^||n,a + ||'^||n+2,a H'ii ||2,a ||j^||l,a )■ 

(3.116) 

For oj G J^f m a II • ^2,a-f^^i9hborhood, vi, 1^2 G J^, o-nd n > 0, 



\D'^Q(u)(yi, f2)||n,a < Cl ||z^l||n+l,a||z^2||l,a + H'^l ||l,a ||'^2 ||n+l,a + ||^^||n+2,a ||i^l ||2,a ||z^2 ||2,a (■ 



(3.117) 



Proof 



\l \ Preliminary remark Let /(m, e) be a smooth function on [0, |f2|] x [0, eo]. Then, 



/fe.)-/teO)^ (..0) 



uniformly in /x G [0, |r2|], and thus 

/(•,6)-/(.,o) (di 

de 



(•,0) 



0. 



Since / is smooth, the same holds for all derivatives ^j^, i.e. 



/M^.(|„„, 



0. 



(3.118) 



(3.119) 



(3.120) 
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In other words, 



/(■.^)-/(-.o) 



# ) (-,0) in the C°°-topology. 



□ 



Differentiability of Q : Fj^ — )• C[o'|f7|] Let ui G G J-", and set cj^ = uj + ev. From 

the previous paragraph, it is enough to show that A~^{iJ,) is a smooth function of /i and e. 
But by definition, we have A~^{Ai^^{\)) = A. The classical Implicit Function Theorem with 
parameter e shows that A~^{ii) is smooth in /u and e provided Ai^^{\) is smooth in A and e. 
But observe that, using the change of coordinates z'^ corresponding to w^, see Lemma [3 



Ju 



-(A) 



WuJe 



rdl 



1 



ds 



(3.121) 
(3.122) 
(3.123) 



where t'' 



A— mino 



,e§i |Va;,(z^(t%s)) 
is obviously a smooth function of A and e. This shows that -^A^^ (A) 



max ui c— mm Lu, 

is smooth in A and e, hence that A^^(A) is, as desired. 



□ 



3 First derivative DQ{uj) ■ v Differentiating A^^{^A^^^(X)) = A at e = 0, we find 



d dA^"^ d 

so that, thanks to (|3.35p . 

i.e. 

Z?Q(.;).z. = f (3.126) 

which is a rational function of continuous tame maps of lo and v. In particular, DQ{u}) ■ v is 
continuous as a map of Frechet spaces and tame in a; and v by Lemma [T2j More precisely. 
Lemma [T2] implies that 



(3.127) 



I (x! u DQ{u})i' \ 

is a continuous map of Banach spaces, and Lemma [13] that it is tame. □ 
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4 Tame estimates on J^y^^ o A^^ For cj in a || • ||2,a-neighborliood and any u, we 
liave for n > 



J,. 



iVwl 



< C 



\Vuj\ 



+ n+l,, 



iVwl 



1,Q . 



< C'|||l^||n,a + ||l^||o,Q:(||w||n+l,Q + 1) + ll'^ ||n+l,Q: || 1,0 1 

< C {\\l'\\n,a + ||'^||n+l,a||l'||l,a) 



by (|3:79|) . (ISHill . and (ISJTGD . 



(3.128) 

(3.129) 

(3.130) 
(3.131) 

□ 



5 Tame estimates on DQ{uj)v For w in a || • ||2,a-neighborhood and any z/, we have 
for n > 



\\DQ{u:y\\ 



< 



\Vuj\ 



o A 



-1 



1 



J,. 



|Vw| 



0,a 



+ 



J,. 



iVwl 



A 



-1 



0,a 



by ([TOT]) and (f5llID . 



(3.132) 
(3.133) 



< C'i II Z^||n,,« + ||<^||n+l,a||'^||l,a + || || l,a ( Ijl^ ||n+l,Q "'"•^ J (3-134) 

< C'{||j^||n,Q + ||^^||n+l,Q||l^||l,a} (3.135) 

n 



First derivative of J^^uo A^^ The operator Ji^uo A^"^ is hnear in u so we only need 
to worry about differentiability in uj. J^j^u o A^^^(/i) is a smooth function of (/U,e), and a 
similar argument as for shows that -^^^^q^Jcj^u ° ^Z}) exists in the C°°-topology. For 
fi G (0, setting A = Aji(/i), and using ([3:371) . and (l330ll . 

- -r(^)o.4-(.) 

div(niV)~ 



A., (Ju,u o A,,/) 



+ Uc 



lVa;| 



(3.136) 
(3.137) 

(3.138) 



Lemma [T2l implies that (f^,n) Ji^u o Aj^ is continuously differentiable, and Lemma [T3l 
that the derivative is tame. (From this expression, it is not too difficult to see, by an in- 
duction argument, that in fact J^iU o is infinitely differentiable and all derivatives are 
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tame.) 



□ 



pr] Tame estimates on Z)^ ( o A^^^ v We estimate \Dijj {JujU o A^^^ z^||^ ^ by the 
sum of three terms: setting N = (|5.114|) gives 



I + 11 + III 



+ 



J. 



|Vw[ 
div(niV) 



a: 



div(niV) , 



\\DQ{u)y\\o,, 
\\DQ{u)v\\n„ 



(3.139) 
(3.140) 
(3.141) 



0,Q 



Estimates on I By (j3.13ip . (|5.114p . and (|5.116p . we have for cj in a ||-||2,Q.-neighborhood, 
any i/, u, and n > 0, 



< C\ ||z^div(niV)||„,„ + ||tj||„+i,Q,||z^div(niV)||i,Q, 



< C< ||l^||n,Q||^i||l,Q + 



< C< II Z^||n,cj||^||l,o + 



+ ||'^||n+l,a||i^||l,a||'U 



< c< II ^||n,a||^||l,« + 



< C< ||l^||n,Q||^i||l,Q + 



""^lln+l.ollz^lICo! + liw||n+l,Q||'^||l,Q|[^||2,c 



■W||n+l,a||i^||0,a + || A* ||n+l,a IF || o,a || || 1 



2,a 



(3.142) 

(3.143) 
(3.144) 
(3.145) 
(3.146) 



■"||n+l,a||i^||o,a + (||w||„+2,a + 1) ||^i|| 2,q || || l,a > (3.147) 



""lln+l.alli^lICa + ||^ ||n+2,a || ^|| 2,q || || 1,. 



^ C{ ||'"||l,a||l^||n,a + ||'u||n+l,a ||z^||o,a + || ^ ||n+2,a ||^i||2,Q || | 



(3.148) 



(3.149) 



Estimates on J^^^^ o A-^ By (^J33), ([SHi]) . and (f5ll6]l . we have forn > 



div(nAr) 1 



(3.150) 

< C{||uA^|U+i,„ + ||a;|U+i,„||nA^||2,a} (3.151) 

< C{||u||„+i,Q + ||u||o,Q||A^||n+l,Q + ||w||n+l,Q||li||2,a(||w||3,Q + 1)} (3.152) 

< C{||u||„+i,Q + ||n||o,a(||w||„+2,a + 1) + || ^ ||n+2,a ||li||2,a } (3.153) 

< C{||n||„+i^Q, + ||w||„+2,Q:||'u|l2,a} (3.154) 
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provided u remains in a || • ||2,a-neighborhood. (We have used that, by interpolation inequal- 
ities, ||w||n+i^Q,||a;||3,a < C||a;|| n+2,a ll'^lbjCt ^ C'||cL'||n+2,ci for w in a || • ||2,o-neighborhood.) 



Estimates on II+III For a; in a || • ||2,a-neighborhood, and any u, v, we conclude from 
the above and (|5.114|) that for n > 

II + III (3.155) 

< C*"! ( lkl|n+l,a + ||w||„+2,a||'u||2,a I (3.156) 



+ ||t^||n+i,Q||j^||i,Qj I (3.157) 

< C'|ll^^l|n+l,Q||^^l|l,a + ll^l|2,Q||l^||n,a + H'^ ||n+2,a H"" Ib.a || || 1,0 1 (3.158) 

Conclusion Putting the above together, 

\\D^{Ju:UoAZ^)v\\^^^ (3.159) 

< C'|ll^^l|n+l,a||z^||l,a + ||^i||2,a ||z^||n,a + ||'^||n+2,Q Hl^l^.a • (3.160) 

□ 



8 Second derivatives of Q Prom ()3.113p it is clear that DQ{uj)i/ is continuously 
difFerentiable in uj. Using (I3.136P and after some simplification, the second derivative 
D'^Q{(jj){v 1,^2)1 being the partial derivative of DQ{(jj)i>i with respect to uj in the direc- 
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tion z^2) is then given by 



A, 



-1 



div 



J. 



1 '^2 o 



A' 



|Vw| 



+ 



-1 



div 



oA; 



T -J— o 4-1 

|Vw| 

7 v^^y o 4-1 

/- 1 o 4-"l 

|Va;| 



1^1 
\\/uj\ 



Aj .1 



V2 

\\/bj\ 



A-} 



(3.161) 
(3.162) 

(3.163) 
(3.164) 
(3.165) 



(One verifies that this expression is symmetric in v\ and z^2-) By Lemma [T2] and Lemma [T3| 
a moment's concentration shows that this is a continuous map 



and that it is tame. 



[0,|f^] 



(3.166) 
□ 



9 Tame estimates on D'^Q{u}){vi, V2) We write the above expression as D'^Q{uj){ui, 1^2) 



I2 + II2 + III2 + iy2- Note that ah the factors not depending on vi nor V2 have their 
norms bounded by C(||a;||„+i^a + 1)- 
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Estimates on I2 

Using (j3.85p for || • ||o,a-estimates, 

II/2II n,a 













0,Q 


|Vl.| 


0,0 



+(ll^lll )ll^2|| 



+ ll^l||o,a 



+ lll^lln+l,^ 



< C <^{\\u\\n+l,a + l)|kl||o,Q|k2||l,Q 

+ (ll + ||'^||n.+ l,Q||i^l||l,a)||z^2||l,. 



I^^lllo. 



|Va;| 



+ ||'^||n+l,a 



\Vuj\ 



2,0 / 



3.167) 
3.168) 
3.169) 

3.170) 
3.171) 
3.172) 

3.173) 
3.174) 
3.175) 

^ C''|^|kl||n,a||l^2||l,a + ll^^l ||o,a ||i^2 ||n+l,a + ll'^ ||n+2,a || ^^1 II l,a || ^^2 || 2,0 1(3. 176) 

where we have used interpolations to get ||u;||„+i^a||a;||3^o < C'||'^||n+2,a||'^||2,o < C'||'^||n+2,a- 
□ 

Estimates on I2 + II2 

Since II2 is obtained by interchanging ui and 1^2, we immediately have 

||/2 + //2||n,a < C < || 1^1 ||n+l,a || 2^2 || l,a + || 1^1 1| l,a || 2^2 ||n+l,Q + ||n+2,o || 1^1 ||2,a || 1^2 ||2,a (■ (3.177) 



< C< ||a;||n+l,Q||2^l||l,a||2^2||l,a + ||l^l|| n,a II 2^2 II 1,0 
+ I|l^l||0,a(lk2||n+1,Q + (||w||n+2,a + l)l|2^2||o,, 
+ ||tj||„+l,Q,||l^2||2,a(||'^||3,a + 1)) > 



n 
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Estimates on III2 
We have 



ll^^^2||n,a 

< Cl (||a;||n+l,a + 1) |kl|lo,a ll^2||o,a 



+ ||l^l||o,al Ir2||„,a+ ll'*^l|n+l,a 111^2 II l,a 



Estimates on IV2 
We have 



< ci(||wlU+i,« + l) 



VIV2N 



+ 



l.a 



n+l,a 



< C< (||w||n+l,a + l)||l^l||l,a||z^2||l,o 



(3.178) 
(3.179) 

(3.180) 

(3.181) 



< C< ||2^l||n,a||l^2||o,a + ||'^l||o,a||'^2||n,a + ||'<^||n+l,a||l'||l,a||j^2||l,a ( (3.182) 



□ 



(3.183) 

(3.184) 

(3.185) 



+ lkl||n+l,a||l^2||o,a + 111^1110,0 1^21^+1,0 + (|l'^||n+2,a + 1)111^1111,0 1^2111,0 > (3.186) 



< C< ||z^l||n+l,a|k2||l,a + ||z^l||l,a||z^2||n+l,a + ||'^||n+2,a||i^l||l,a||i^2||l,a; (3.187) 



Conclusion 

Putting the estimates on I2,II2,III2,IV2 together, 



□ 



\\D^Q{uj){l'i, l'2)\\n,a < C<^ ||i^l||n+l,a||i^2||l,a + ||z^l || l,a ||^'2 ||n+l,a + ||w||n+2,a||z^l||2,a||i^2||2,a J • 

(3.188) 
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4 Proof of Theorem [T] 



Outline of proof 

That T is smootli tame is immediate since T{F) = (Q o A o S){F) is a composition of 
smooth tame maps. The crucial part in the surjective part of the Nash-Moser theorem is 
to establish that DT{F)f has a tame family of right-inverses. We emphasize that the non- 
degeneracy condition (ND2) is only made at the reference steady-state, and not in an entire 
neighborhood of the reference steady-state. The problem of finding such right-inverse for 
DT{F)f, given in ()4.14p . is equivalent to inverting a map of the form g + K{F)g = h where 
K{F)g can be thought of as a "compact perturbation" of the first term g, see (j4.16p . This is 
precisely what was done in Lemma [S] with the elliptic operator /S.(j)+c(j) = k (augmented with 
suitable boundary conditions): c(j) is a "compact perturbation" of A0. There, the estimates 
on the (bilinear) term c(p were standard. Here, the term K{F)g is more complicated and 
requires considerably more work. 

The injective part of Theorem [T] is proved in Section 14. 4[ At the conceptual level, the 
proof is an adjustment of the injective part of the Nash-Moser Inverse Function Theorem 
as presented in Section 1.3, Part III p]. (One cannot use this theorem directly because of 
complications created by the lack of injectivity of the map F >—> 

Assumptions 

We recall the main assumptions. 

The domain Q is assumed diffeomorphic to the annulus so that 

dn = rouri. (4.i) 

We assume that the reference steady-state uJ = F{ijj) is such that f' ^ 0,uJ has no critical 
points, and satisfies the non-degeneracy conditions (NDl) and (ND2). By continuity of 
F G C"^ I— )• ^ G C^, make eg in Vs{F) smaller if necessary (see Proposition [6|) , so that the 
corresponding ^jJ has no critical points either and that F' ^ 0. We will then assume without 
loss of generality that 

ip<0. (4.2) 

The interval / introduced in Section 12.21 can now be taken of the form 

I = [c,0] where c<mini/) is fixed. (4.3) 

For simplicity, the calculations will be performed assuming that 

F' > 0. (4.4) 

As observed in the Introduction, the case F' > is special in that the corresponding solution 
automatically satisfies both non-degeneracy conditions (NDl) and (ND2). But this property 
will never be used in the following. 
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The first derivative DT{F)f 
The map 



I ^sij) _^ C^oM] \ (n>2) (4.5) 



is continuous as a map of Banach spaces (Lemma [12] and ()2.103p after Proposition [6|). 
Write the first derivative as DT{F)f = DQ[uj)u where uj = /\tjj and ip = S{F) solves the 
steady-state equation 

A^ = F(^), ^|p„=0, |^^^^ = 0, /^|^=7. (4.6) 
and V = A(/> where (j) = DS{F)f solves the linearized steady-state equation 

A0 = F'(^)0 + /(V'), </>|r„=0, ^ =0, / 1^ = 0- (4-7) 

Thus, 

f Vg(F) X _^ Cl^oin ] (^>2) (4.8) 

\ F f DT{F)f J 

is continuous as a map of Banach spaces (Lemma O and ()2.104p after Proposition [6]). From 
Proposition [TT| 

DTiF) f = = + (4.9) 

To simplify this, use the identity (when F' > 0) 

T{F) = FoA-^ (4.10) 

which follows from A^{X) = \{^p < X}\ = \{u < F{X)}\ = Ai^{F{X)). (A similar expression 
holds in the case F' < 0.) Then, u}{x) = A^^{X) if and only if ^/>(x) = A^^{X) and 

Also, Vw = F'{'ip)'Vip so that after some elementary calculations we obtain 

DT{F).f = foA-/ + {F'oA-/)('-^^4^] (4-12) 

=: B{F)f + k{F)f. (4.14) 
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Construction of a tame right-inverse / = L(F)h to h = DT{F) ■ f 

In order to construct a right-inverse / = L{F)h to h = DT{F)f we will construct first the 

inverse to a modification h = M{F)g of /i = DT{F)f. Set 

M{F) := DT{F) ■ VB{F) = Idc-|,,|j + K{F) (4.15) 

where 

K(F) . 9 := K(F) . VBiF) ■ , = (i^) (''♦^ ° ') ' 

and A(j) = F'(ip)(p + f{ip), f = VB{F) ■ g, and / = VB{F)g is a tame right-inverse to 
g = B{F)f (intuitively, it is ^^f = g o A^"). The latter is constructed in Lemma [T5l We 
will show that h = M{F)g has a tame inverse g = VM{F)h, and thus that h = DT{F)f 
has a tame right-inverse by setting 

L{F) ■ h := VB{F) ■ VM{F) ■ h. (4.17) 

This is possible because K{F)g can be viewed as a "compact perturbation" of g. This is 
due to the fact that (p gains sufficient regularity from /. In fact, the proof is completely 
analogous to the proof that + c(j) = k has a family of tame inverses: compare Lemma [J] 
with Lemma [TU and Proposition [5] with Proposition 1181 



4.1 Right-inverse to B{F)f = f o A^^ 

First, as an auxiliary step, we need to construct a right-inverse / = VB{F)g to g = B{F)f. 
Since B{F) is surjective for each F, we know that a right-inverse exists for each F. However, 
we need the inverse / = VB{F)g to g = B{F)f to be continuous in both F and /i, and to 
satisfy tame estimates. Naively, the inverse of g = f o A^^ should be "/ = 5 o A^", but / 
is defined on an interval larger than the domain of A^. 

Lemma 15 The map B{F) ■ f has a smooth tame family of right-inverses f = VB{F) ■ g 
defined on a sufficiently small \\ ■ \\i^a-neighhorhood Vb{F) C Vs{F) of F: 

VBiF): ^ ], B{F) ■ VB{F) = Idc^^^^^^. (4.18) 

For n > 2, F G Vb{F) and any g (without restriction), 

\\f\\n,a < C ■ |||5||n,a + ||F||n-2,a Iblll.a | (4.19) 
while ||/||o,a < C||5||o,a, ||/||l,Q < C\\ 

^ll 1,0 • 
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Proof Fix D > and let B € Cj°^^ ^ monotone increasing extension of A—^ G 

^^\n\]' It can be arranged so that range(i?) = \c,\c\] (see (|4.3p ). See proof of Corollary 1.3.7, 
p. 138, Part II of [7]. Let 

£o ■■ C[^|o|] {& e C'hD.ini+D] I H-D) = b{\n\ + D) = 0} (4.20) 

be an extension operator taking functions on [0, to functions on [—D, + D] vanishing 
at the endpoints. (The target space is easily seen to be a tame Frechet space). It can be 
made tame linear of degree 0: again from the proof of Corollary 11. 1.3. 7, p. 138, [Hamilton]), 
extend b = 6(A) € C^^^^^ to A < 0, then to A > and finally multiply by a smooth cut-off 
function with support in {—D, \Q\ + D) and equal to 1 on [0, |r2|]. Then we have the tame 
estimates for n > 

ll^^O^'lU.a < C\\b\\n,a. (4.21) 



Define now 



B B + £o{B-A-') j 

which extends maps defined on [0, to maps defined on [—D, with fixed endpoint 
values c and |c| at —D and + D respectively. £ is smooth tame since it is affine with 
tame linear part £q. For a sufficiently small || • |[i-neighborhood V{A^^) of ^-^^ : it also 
defines a map 

5: (V(^zi)cq^l^l]) Vf^j^ (4.23) 

where 'Df^ j is the set of smooth diffeomorphisms from /i = [—D, to I2 = [c, |c|]. 
From 5 = / o we find £{g) = £{f o A^^) = fo £{A^^). Let then 

{-T-)00 -T-)00 1 

^lui. _^ [ (4.24) 

denote the operator which takes inverses. Choose now 

Vb(F) c Vs(F) (4.25) 

a sufficiently small || • ||i^a-iieighborhood of VsiF) from Proposition [6] so that the correspond- 
ing A^^ remains in V{A^^) (use also Lemma \T2\i . We have constructed a right-inverse 

VB{F)-g:= (£g o V{£iA^'))) ^ (4.26) 



defined for any F G V_b(F) and any g G C?° 



lo,\n\V 



[c,0] 



Clearly, / = VB{F)g is smooth tame. Using the above estimates on £0, on A_^^ from 
Proposition HH and on ^ = S{F) from Proposition [6l we have for n > 2 

\\£{A-^)\\n,a<C(\\A-^\\n,a + l) < C ( || |ln,a + 1) < C ( ||F||„_2,a + 1) . (4.27) 
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From tame estimates on composition of functions from Lemma [26] and on the inversion 
operator V from Lemma [271 of the Appendix, for F € Vb(F) and any g € C[^|q|, 

ll/IU < C(\\£{g)\\n,a + \\£{A;p')\\n,a\\Sig)\\l,a) (4.28) 

< C {\\g\\n,a + {\\F\\ n—2,a + (4.29) 

< C {\\g\\n,a + \\F\\n-2,a\\\\g\\l,a) ■ (4.30) 

Note that ||f (A^"*^) remains bounded for F G Vb(-F). Thus, we deduce easily the desired 
estimates on ||/||o,a and ■ 



4.2 Summary of tame estimates 

Here we collect tame estimates which will be used abundantly in the next Sections. Some 
estimates will be given in two equivalent forms, the second being particularly useful for the 
estimates on the difference K{F)g — K[F)g. 

Prom Proposition [6l If a; = A^' = F{il)) with F € Vs{F), then for n > 

||a;||„,„ and ||V'||„+2,a < c{ ||F||„,<, + l} < c{ ||F - + l} (4.31) 



from the triangle inequality < ||-^||n,o + ||-^ — < ~ -^lU.o + 1 

If A(/. = F'(V')</' + /(^) with F G Vs(F) and / G C^, then for n > 

„+2,a < c{||/|U,„ + ||F|U+i,,||/||i,„}, (4.32) 

n+2,a < C{||/||„,«+||F-F||„+1,,||/||1,,} (4.33) 

again by the triangle inequality and using ||/||i,a < ||/||n,a for n > 1 (for n = 0, the last 
term in (j4.32p and (|4.33p is actually not needed, see Proposition [6]). 
Prom Lemma [m If / = VB{F)g where F G Vb(F) C Vs{F) and g G C^^\n\Y ^^^^ 
n > 2, 

n,Q < C'|||5f||„,Q, + ||F||„_2,a||5f|Il,a|, (4.34) 

n,a < C|||5(||„,Q, + ||F - F||„_2,a||g||l,a| (4.35) 

while ||/||o,a < Cllsrllca, ||/||i,q < C\\ 

Combining the above, we have for n > 0, 

n+2,a < C'|||g||„^Q, + ||F||„+i^Q,||(7||l^Q,|, (4.36) 

n+2,a < C'|||5(|[„,a + 11-^ — -^IU+l,a|bl|l,a|- (4.37) 
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Prom Lemma I14t For ip G J^^ in a || • ||2,a-neighborhod, (p G C^, and n > 0, 



J, 



Jil: 



IVV'I ^ 
A" 



and ||DQ(V')</'|U,a < + 
and ||DQ(^)0||„,„ < C (U\ 



+ 



14-1 - 4-^1 



iwi ^ 

In turn, for n > and G J-+ in a || • ||2,a-neighborhood (see proof below), 
For n > 0, F in the || • ||2,a-neighborhood Vs{F) (see proof below), 

||W - tj||n,Q: < C\\lp - -011^+2,0 < C\\F - F||„+i,o,. 

Combining these two estimates we obtain 

II^V'"'^ ~ ^:;^"'"l|n,a < C\\F - F\\n,a- 



n+l,a||</'||l,a) , (4.38) 
n+l,a||</'||l,a) .(4.39) 



(4.40) 



(4.41) 



(4.42) 



One would expect from the above that ll^,^^ — A— \\n,a < C\\F — F\\n+2,a- However, the 
regularizing effect of cj = Aip = F{^) gives the better estimates (see proof below): 



\A^^ — A—^\\n,a ^ C'lli*' — 



(4.43) 



For n > 0, h, h £ Cf, and ipjip & in a || • ||i^a-neighborhood (see proof below). 



\\hi^)-hm\n,a<Cl \\h\\n+l,a 



\0,a + \\h\\2,a\ 



^,a+\\h-h\\n,a}■ (4.44) 



Observe then that for F in the |1 • ||2,Q-neighborhood VsiF) C Vs{F), 



\F\\2,a, ll'^lb.a, llV'Ik.a, | Ib.a) IA^"^||4,a < C. 



This allows to incorporate a number of terms of lower order into a constant. 
We also recall the standard interpolation inequalities 

||'^||n+r,a II II s+m, a ^ C { ||^||n+r+m,o H'^^ || s,a ~l~ ||'^||s,o H'W ||n+r+m,a} ; 
1 1 ''^ 1 1 ra+r,a II II s+m.Q: ^ |[u|| j2-|_y-)-m^Q, 



(4.45) 



(4.46) 



which are consequences of ()1.39p . 
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Proof of ()4.40|) Set ojt = uj+t{u}—oj) and note that Q{uj) — Q{lo) = DQ{u}t)iu}—uj)dt. 
Then, ujt remains in a |j • |[2,a-neighborhood and by ()4.39p we have 

\\AZ'-AZ^\\m,a < f\\DQ{u,){u-mm,adt (4.47) 

JO 

< Cjllo; + -a;||m+l,a||w (4.48) 

< C||a; - lJ|U+i,„ (4.49) 
since \\u]t — '^\\j,a < ll'^ — for < t < 1. ■ 

Proof of Write w - tJ = AV' - AV^, and set Ft=T + t{F - F) and i/jt = S{Ft). 
Then, -0 - ? = Jq (ptdt where Acpt = Fl{'4jt)(t>t + {F - F){'4}t)- Then by (|T36]1 . 

m\n+2,a < C(||F-F||„,, + ||Ft||„+i,,||F-F||i,,) (4.50) 

< C(||F-F||„,„ + (||F-F||„+i,„ + l)||F-F|li,„) (4.51) 

< C||F-F|U+i,„. (4.52) 

Integrating, this gives the desired estimate. ■ 
Proof of (f4:43]> Write 

A-J-A^' = {F -F){A-^) + F{A-^) -F{A-') (4.53) 
= (F-F)(A^i)+ fF\Az.^+t{A-^-Az^)){A--'-Az})dt.{AM) 

J 

The first term is estimated by 

||(F-F)(A^i)||„,, < \\F-F\\n,a + \\A-^'\\nAF-ni,c. (4.55) 

< \\F-F\U,^ + \\A-^-Az}\\^AF-F\\,,^ (4.56) 

< C\\F-F\\n,a (4.57) 

while we have 



\\F'{Az.^+t{A-/-A-^))\U^^ < C^l + p-+t(V-A-)|U,„j (4.58) 

< c(l + P;i-^-i||„,„) (4.59) 

< C(1 + ||F-F||„,„) (4.60) 

so that the second term is also bounded by \\F — F||„^q,. B 

Proof of (14.44!) Write = V' + *(V' - Then 

h{i)) -h(^) = h{i)) - h^) + {h -h)(^) = f h' {iljt){i^ -ij)dt + {h -h)(^) (4.61) 

JO 
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so that by (|5.114|1 and (|5.121l) . 

\m)-hm\n,a 



< c 



i+l,a + 



|n,a II ^ Il2,a 



|0,a 



+ ||/l||2,a||^ - '0l|n,a + \\h - h\ 



< c 



|o,o + ||^||2,( 



In, a + 11^ -^11 n,a 



(4.62) 
(4.63) 

(4.64) 

(4.65) 



4.3 Id + K{F)g has a tame family of inverses 



Recall that K{F)g is defined in (j4.16p . The procedure to construct a tame family of inverses 
to Id + K{F)g completely parallels the proof that A(j) + op = k (augmented with suitable 
boundary conditions) has a tame family of inverses, see Lemma[3]and Proposition [5j In this 
case though, the estimates on K[F)g — K{F)g require significantly more work and they are 
derived in the separate Lemma [T71 

Lemma 16 (Estimates for h = g + K{F)g) Let h = g + K{F)g where F G Vb(F) C 
Vs{F) and g E C'Io'iqi]- Then, for any n > 0, 



\\9\\n,a + ||i^||n+l,.|bl|l,4 

where C may depend on n and Vb{F). 



(4.66) 



Proof The estimates on g are derived by writing g = h — K{F)g. We first estimate K{F)g: 
by (l5lTi]l . (I08]l . (IOT]l . and (I06]l . 



IWI 



oA: 



< C{\\uj\\n+l,a + l)\mi,a + C 

< C^{||0||n,a + ||i^||n+l,a||</'l|l,a} 



0,a 
n,a 



II ^ 111. a 



|V^| 

l,a ) 



o A" 



^ C|||5||n-2,a + ||-?*'||n+l,a||5'l|l,«|- 

for F G Vb{F) C Vs{F) and any g. In turn. 



||ff||n,a < ||/l|U,a + ||i^(F)5r||„,Q, 

< ||^||n,a + C'{||5||„„2,a + ||F||„+i,a Ibll l,a} 



(4.67) 

n,a 

(4.68) 
(4.69) 

(4.70) 



(4.71) 
(4.72) 
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and the term ||5||n-2,a can be incorporated into the left-hand side as usual and we find 

||5lln,a < c{||/i||„,, + ||F||„+i,,||g||i,„}. (4.73) 



We will need estimates on the difference K{F)g — K{F)g for F € Vb{F)- Recall that 
K{F)g is defined in (|i36]l . 



-<oo 



Lemma 17 (Estimates on K{F)g - K{F)g) For n>0, F e Vs{F), and g G 

\\K{F)g - K{F)g\\n,a < c[\\F - F\\n+i,a\\gh,a + \\F - F\\2,a\\g\\n-l,a} ■ (4.74) 
Proof F and g being given, let / = VB{F)g, f = VB{F)g and (f), (p such that 
A<f> = F'{i;)4> + fW, A^ = f'(V^)^ + 7(V^). 

Write then 



(4.75) 



KiF)9-KiF)g = {A^' - A^')' (^J^ o o A^'^ 



A- 



-1 



I + 11 + in. 



(4.76) 
(4.77) 

(4.78) 
(4.79) 



|T| Estimates on I in terms of \\(l)\\j,a By (15.1141) . ([133]), ()i39D . and 



< C{\\A-J-A-'\Ur 



Jit 



oA 



-1 



'|V^| " ' ^ 

< C<!||F-F||„+i,„||</.||i,„ + ||F-F|l2 



+ \\A-J-A^^ 



0,a 

a \\\4^\\n,a + 



J, 



oA 



-1 



n+l,a||</^||l,Q] 



(4.80) 
(4.^ 



(4.82) 



< - F||„+i,,||</.||i,, + ||F - F\\2,a\mn,a + \\F - F\\2,a\\F " || 0|| i,„ j (4.83) 

< C7{||F-F||„+i,,||</.||i,, + ||F-F||2,a||<A||n,a}. (4.84) 



□ 
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2 Estimates on II in terms of 



As a preliminary we derive the following 
estimates for ip € in a || • ||i,a-neigliborhood and any u G C^. Write ipt = ip + t{ip — ip), 



Nt 



h and 



< 



A, 



dt. 



Using tame estimates (|3.116p of the derivative of J^uo A> in ip, and (j4.4ip 



< C{ \\u\\n 



1+1, o I 



In, a n+2,a ||^||2,c 



(4.85) 

(4.86) 
Ii,a}{4.87) 
(4.88) 
(4.89) 

< C<j ||u||„+i,a||F-F||i,„ + ||F-F|U+i,„||^/||2,„|. (4.90) 

n+2,a < C{1 + Wlp - V'||„+2,a). NoW with U = 



< C< \\u\\n+l,a\\lp - + H' " V'l|n+2,Q ||w||2,q 



using \\lpt\\n+2,a < 11-01^+2,0: + 

we have by (|4.4ip . 



\u\ 



< C[\\cl)\\m,a + U-i^\\m+l,aU\\0,a} 

< c{U\Ua + \\F-F\\mM\o,a} 



(4.91) 

(4.92) 



so that 



||//||„,a (4.93) 

< c{||(/>||„+i,„||F - + ||F - F||„+i,,||(/<||o,„ + ||F - F|U+i,,||(/>||2,a} (4.94) 

< C[mn+l,a\\F-F\\i,^ + \\F-F\Ul,aM2,a}- (4-95) 

□ 



3 Estimates on I+II in terms of llsfUmja We may now estimate ||/||n,o + ||-^-^lln,a in 
terms of g instead of (f) (the third term /// must be dealt with differently). Putting ()4.84p 
and ()4.95p together, and using interpolation inequalities ()4.46p . and (j4.37p . 

||/||„,a+ ||//||„,a (4.96) 

< C{\\F-F\\n+I,a\m2,a+\\F-F\\2,a\mn+I,a} (4.97) 

< C{\\F - F\Ui,a\\g\\i,a + \\F - Fh,a {\\g\\n-l,a + \\F - F||„,„ ||g || } (4.98) 

< C{\\F-F\\n+l,a\\g\\l,a + \\F-F\\2,a\\g\\n-l,a}. (4.99) 
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4 Estimates on III Since to is fixed, we have by (|5.114p 



||I//||n,a < C 

< C 



1 



1 



IVV'I |vv|) 
iih + iih. 



+ c 



n,a 



n,a 
1 



(0-0) 



Using (|5.114p . (|4.4ip and (|4.37p . the first term is estimated by 

nil < c 
< cl 





1 


1 






1 


1 




{ 


IWI 


|V?| 


11^ 

0,0 


M\n,a + 




ivv^l 


Il0l|o,a ^ 



|n+2,Q||<P||0 



- n2,am\n,a + W^P - 
< C\ \\F - F\\l,a\mn,a + \\F - F || 0||o,„ } 



,Q y 1 



(4.100) 

(4.101) 
(4.102) 

(4.103) 

(4.104) 
(4.105) 
,(.4}l06) 
(4.107) 



< C[\\F - Fill,, [|b||„-2,a + ||i^ - F||„-l,a||5||l,aJ + \\F - F\Ul,c 

< c{||F-F||i,,||g||„„2,o + ||F-F||„+i,,||5||i,a}. 
For III2 we "just" need to estimate ||0 — 0||„,a. Note that 

A{c^ - 0) - F'mc^ -^) = {F'ii,) - F'mck + /(V) - /(?). (4.108) 
From tame estimates (I2.26p . (observe as well that F and ifj are fixed), we have for j > 

\\cp-Mi+2,a < c|||(F'(^)-F'(V^))0||,-, + ||/(V')-7(?)|u4- (4-109) 



5j Estimates on \\4> - (t>\\j+2,a- \\{F'{iIj) - F ('i/'))0|li,a With the above, using (14441) . 
(j5.114p and ()5.12ip . the first term is estimated as follows: 

||(F'(^)-F'(^))<A|U. (4.110) 

< C||F'(^)-F'(^)||,-,||0||o,o + C7||F'(^)-F'(V^)||o,a||0|Uo (4.111) 

< C(||F||,+2,a||V' - ?l|0,a + ||i^||3,a||V' " V^l^o + l|i^ " ^IUl,o) ||0||o,a (4.112) 
+C(||i^||3,a IIV' - ?||0,a + lli^ - ^||l,a) I|0||,> (4.113) 

< c((||F - F||,-+2,. + 1)||V^ - V^||o,« + (||F - F||3,„ + 1)11^^ - V^IU (4.114) 
+ ||F-F||,+i,,)||<A||o,„ 

+ ((||F - F||3,« + 1)11^ - ?||o,a + ||F - Fill,, 

< C{||F - F||,-+2,a||0||o,a + ||i^ - ^||3,a||0||,,a} 
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(4.115) 

(4.116) 
(4.117) 



where we have used that 

||i^ - ^||3,a IIV' - i^ha <C\\F- F\\3,a\\F - F\\j^l,a < C\\F - F||o,a ||F - F||,+2,a. (4.118) 
In turn, using ()4.37p . 

\\{F'{i;)-F'{^Mk^ (4.119) 

< C[ \\F - F||,+2,a|blll,a + \\F - F||3,a (|bll,-2,a + \\F - I^H )4.120) 

< C[\\F -Fl+2M\l,a + \\F -F\\s,a\\9l-2,a} (4.121) 

< C{ \\F - F||,+2,a|bili,a + \\F - (4.122) 

using again interpolation inequahties (|4.46p to get F||3^Q||(7||j_2,a < C||F— F|[i^q||(7||j_q,+ 

C\\F-F\\jMi,a, ||F-F||3,„||F-F||j_2,a < C\\F -F\\2,a\\F -F\\j,a < C\\F-F\\j^a and 
to incorporate these into other terms. 



6j Estimates on \\cj) - (p\\j+2,a: \\fW - f{'>P)\\j,a Using again (|OID . 

WfW - l&)ha < C| ||/||,+l,a||^ - ?||o,a + ||/||2,a||V' " ^ha + \\f " 7lUa|i.l23) 

Using (j4.35p . the first two terms in the right-hand side are estimated by 

\\f\\j+l,a\\i^ - Mo,a + WfhaU " (4.124) 

< C((|b||,+i,a + \\F - F||,_i,,||g||i,,)||F - + \\gh,a\\F - (4.125) 

< c(||5lUi,a||F-F||i,„ + ||F-F||,_i,,||<7||2,a). (4.126) 
As for the last term in ||/('0) — f{ip)\\j,a, write it as 

f-J = £goA-SgoA with A = Vi£iA-')), A = ViSiAz.')), (4.127) 
to find again from (j4.44p 

11/ - Jha < C| \\£gh+l,a\\A - A\\o,a + \\£9h,a\\A - A\\,,Jj . (4.128) 

In order to estimates \\A - 'A\\j^a, pose /3 = £{A~^), ^ = £{A^^), and /3t = ^ + t{/3 - ^), 
and use the inversion operator V, see Lemma [271 in the Appendix: 

A-A = V{P) - V(P) = C dtdt, at = DV{Pt) ■ = - ^^~J^°i'^ ■ (4-129) 

Jo P't o 

We have by ()O0D and dOT]) 

11/3 - Pln,a < Cp^l - A-^ \\m,a < " ?IU+l,a < C\\F - F\\m,a. (4.130) 
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Using the triangle inequality on /3t = /? + t{/3 — (5) and (j4.4ip . 

Wt\\m,a < C(l + 11/3 - mm,a) < ^ {||F - + l} . (4.131) 

This along with Lemma [271 implies 

W^\\m,a < C{||F-F|U,« + 1}. (4.132) 



In particular, f3t and ^ remain in || • ||2,a-iieighborhoods for F,F & Vb(-F). Now the 
fraction in dt is linear in the numerator, so that by (j5.114p and (|5.12ip . 

< C\\if3-^)o(3-^\\^^, + cmof3r%,a\\{P-P)o/3^'\\o,a (4.133) 

< c{\\/3-P\\,,o. + Wha\\(3-Mi,a'^ (4.134) 

+c(||/3i||,+i,, + ||/3ri,,a||A||2,a)||/3-^||i,a (4.135) 

< C||F-F||,,„ + C7(||F-F||,-+i,, + l)||F-F||i,„ (4.136) 

< CIlF-Fll.+i,^ (4.137) 

from (|4.13Up . (|4.13ip . and (|4.132p . With the above, we have 

\\A - All,, „ < \\htl,adt < C\\F - F||,-+i,„ (4.138) 
Jo 

so that by ||£:g|U,a < C\\g\[m,a (see g2I])) 

||/-7lU<c{||9||,+i,„||F-F||i,, + ||<7||2,a||F-F||,-+i,,}. (4.139) 
Adding this to (|4.126l) . we find 

ll/W -7(?)IU < c{||F-F||i,,||<7||,+i,a + ||F-F||,+i,„||<7||2,a}. (4.140) 

pr] Conclusion on III Putting (|4.122p and (|4.140p together (with n = j + 2) and using 
interpolation inequalities (I4.46p . 

||///2||n,a <CU- Mn,a < c| ||F - F||„,„ || <7|| 2,a + ||F - F|| i,, ||5||„_i,„ | . (4.141) 

Adding this to the estimate (|4.107p on ||///i||„,q, gives 



|///||n,a < C{ \\F - F||„+i,a||ff||2,a + ||F - F||i,« ||5||„-l,a }■ (4.142) 

□ 



62 



8 Conclusion on Lemma 1171 Putting ()4.99p and (j4.142p together, we have 

\\K{F)g - K(F)g\\n,a < c!^\\F -F\\n+l,a\\9h,a + ||F - F||2,a||<7||„-l,a}. (4.143) 



Proposition 18 (Id + K{F) is invertible for F near F) Suppose oj = F{^) satisfies 
(ND2). Then, there exists a\\ - W^^a-neighborhood 

Vi(F) c Vb(F) c Vs(F) (4.144) 

of F such that h = g + K{F)g has a tame family of inverses g = VM{F)h satisfying 

||5||n,a < ||/i||„,a + ||F||„+i,„||/l||2,a k n > 2. (4.145) 



Remark The Nash-Moser Inverse Function Theorem only requires a continuous and 
tame inverse. However, with a httle more work, one can show that g = VM{F)h is continu- 
ously differentiable, hence smooth tame by Theorem 5.3.1, p. 102, Part I, and Theorem 3.1.1, 
p. 150, Part II of [7]. 

Proof 

[T| The estimate ||5||2,a < C\\g + K(F)g\\2,a holds We first show that (ND2) implies 
that Idcj<g=|^|j + K{F) has trivial kernel as a map C'[^|q|] ^ ^[o^|rj|]- Suppose g G is in 

the kernel of Idc-,^,, + K(F) : C-|^|j ^ C^i^,,. Set / = Vb'(F) ■ g so that DT(F) • / = 
and thus u = {uj,a} for some a (zU, see Proposition [8l Then / = on range(V'), precisely 
by the non-degeneracy condition (ND2) and in turn g = B{F) ■ VB[F) ■ g = B{F) • / = 0, 
^^^[^|n|] + ^(^) • '^f^ioo ^ C^,m has trivial kernel. 



Next, we show that Id^2,Q + K{F) : Cjg — > C^' |^|p satisfies 



\\9\\2,a<C\\g + K{F)g\\2,c.. (4.146) 

First observe from the tame estimates on K{F)g derived in the proof of Lemma [TU] that 
K{F) maps ™to C^^^^^ for each n > 2. Let g G ^[o"q|] ™ kernel of 

^^(^mm ■ '^[0,1^1] ^ '^[omy Then g = -K{F)g G C7j|,'^^|j and, repeating, g G C^^^^^y 

Hence 5 = which shows that Id^2,a + K{F) : C[o"f7|] ~^ ^[o'lni] trivial kernel. By the 
Fredholm alternative (for Banach spaces), Id^2,Q + K{F) : C'jo^ni] ~^ ^[o°\n\] isomor- 
phism satisfying (j4.146p . □ 
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2 Invert ibility for F near F From Lemma [T71 

\\9\\2,a < C\\g + K(F)g\\2,a (4.147) 

< C{\\g + K{F)g\\2,a + \\K{F)g-K(F)g\\2,a) (4.148) 

< C{\\g + KiF)g\\2,a + \\F-FU,a\\g\\2,a)- (4.149) 

Define now Vj{F) C Vb(^) C Vs{F) to be a sufficiently small || • ||3^Q,-neighborhood of F so 
that the last term can be incorporated into the left-hand side: 

\\gha<C\\g + K{F)g\\2,a. (4.150) 
Now from (j4.66p we have for n > 2 

Iblln.a < C{\\g + K{F)g\\n,a + \\F-F\Ui,a\\g\\i,a) (4.151) 
< C{\\g + K{F)g\\^^^ + \\F-F\Ui,a\\9 + K(F)g\\2,a)- (4.152) 

which implies the estimates (|4.145p . That is, h = M{F)g = g + K{F)g is a family of invert- 
ible linear maps of Frechet spaces for F G Vi{F) with tame inverse denoted g = VM(F)h. □ 



3j Continuity Let F,F e Vi{F), g,g e C[~|n|]> and set h = g + K{F)g, h = g + K{F)g. 
Then, 

{g-~g) + K{F){g -~g) = h-h- {K{F)g - K{F)g) (4.153) 
and from (j4.152p we deduce that 

\\g-~g\\n,cc < c\\\h-h\\n,a + \\K{F)g-K{F)g\\n,a (4.154) 



+ - F\\n+i,a[\\h - h\\2,a + \\K{F)g - K{F)g\\2,c.) j (4.155) 

(4.156) 

Now from the tame estimates (|4.145p it is clear that Ijfl'llnjO remains bounded as \\h — 
and — F||„+i^Q, tend to zero. In turn the estimates (I4.74p (also valid for K{F)g — K{F)g) 
show that \\K{F)g — K{F)g\\n^a tends to zero as well, and thus clearly ^g — ^llna 

tends to 

zero. I 



4.4 Injective part of Theorem [T] 

The injective part of Theorem [1] requires a modification of the injective part of the Nash- 
Moser theorem since the map T cannot be injective: defining T on Cy° where / D range(V') 
(see (j4.3p ). changing F outside the range of the corresponding solution = F{tp) clearly 
does not affect this solution. 
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Proposition 19 There exists a -neighborhood of F such that, if F,F are such that 
T(F) = T[F), then the corresponding solutions tp = S{F) and tp = S{F) are the same. 

Proof Let F„ ^F^^n^ in such that T(F„) = r(F„), and let 

Fn-Fn = enGn, Vn = 5'(F„), ^n = S{Fn), - Ipn = ^nVn (4.157) 

where e„ is to be chosen appropriately. Assume without loss of generality that range('i/'n) C 
range('0n)- Supposing that we can normalize according to 

\\Gn\\c^ _ =1, (4.158) 

rangc{i/>„) 

we will arrive at a contradiction, thus proving our claim. 

Remark One might expect to normalize in the C^-norm since the F's converge in that 
norm. However, (strong) compactness fails in infinite dimensions. On the other hand, one 
can use the gain of regularity provided by AV' = F{ip). 

Changing F„ and F„ outside of range (i/^n) does not affect ipn nor ipn, and in turn the 
assumption T{Fn) = T{Fn) is preserved. Therefore, we may adjust Fn and F„ in such a 
way that, without loss of generality, for the first derivatives we have the bounds 

llCnllal <2||G„|bi , . (4.159) 

l.c,U] rangc(V'n) 

Since T(F„) = r(F„), we have e„Gn = -Fn o ° - Fn hence 

enGn{\) = l^f^ F'^{\ + t{A-^l{A^^{\)) - X))d^ {A-^l{A^^{\)) - A), AG range(V;„). 

(4.160) 

Letting dn denote the integral factor, we write this as 

e„G„(A) = dn{X){A~l - A^l){A^^{X)), A G range(V;n). (4.161) 

Now Fn and F„ are bounded in C^, F G i-)- ^ E is continuous by (j'2.58p . and 

G 1-7' A~l^'^ G C"*^ is continuous by Lemma [12j Thus, dn and A^^ are bounded in 
and in turn 

enWGnWc^ < C\\A-l-A--%. (4.162) 

Write ^ 

A-^^- A-l = en(yj^ DQ{i,n + t{i^n-^n))dt^Vn (4.163) 

where ipn and ipn are bounded in since Fn and Fn converge in C^. The proof of Lemma [ni 
easily shows that ()4.38p holds in the |[ • H^-grading, so that 

en||G„||ci , <G\\Af -A-%<enC\\vn\\i. (4.164) 
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Finally, rewrite A^„ - A^n = -^n(V'n) - Fniipn) as 

e„A«„ = enGnii'n) + (i^n(V^n) " i^n(^n)) • (4.165) 

This can be written as Avn + CnVn = Gnii^n) 

-Cn=(^j^ Fl^i^l^n + tii^n " i^n))dt^ Vn- (4.166) 

F satisfies (NDl) hence for large n, c„ is sufficiently close to f' and in turn A + c„ is 
invertible with 

\\Vn\\l < C\\Gnh. (4.167) 

Putting (14.1591) . (|4.164l) . and (|4.167|) together we obtain 

llCnlli < 211^^11(^1 < C\\Vn\\l < C\\Gn\\o < G. (4.168) 

Passing to a subsequence, we may assume that 

Gn -^n G in C°. (4.169) 

Lemma [12] says that {uj,v) i— ?• DQ{uj)v is continuous as an operator x — ?• , 

(|2.1U3p shows that F ^ oj = F{^) is continuous ^ C^, while (F, /) = A0 = 

F'{ip)(l)+f{ip) is continuous xC° — ^ C° by (|2.104p . In conclusion, we have the continuous 
operator 

f C2 X 1 

[ F f ^ DT{F)f f 



(4.170) 



Taking limits in 

= - (r(F„ + e„G„) - r(F„)) = / Z)r(F„ + e„(F„ - F„))G„dt (4.171) 

En JO 

one finds DT{F)G = 0. This means that G vanishes on range(^/'), contradicting the nor- 
malization II G 11(70 _ =1 guaranteed by ()4.158p . ■ 

range (i/?) 



5 Appendix: the Nash-Moser Inverse Function Theorem 

Inverse function theorems express the fact that nonlinear problems are as solvable as their 
linearizations: a nonlinear map T is (locally) surjective where its first derivative DT is 
surjective, and T is (locally) injective where DT is injective. In case T: (B C X) — ?> y is a 
sufficiently smooth (e.g. twice continuously differentiable) map of Banach spcaes, Newton's 
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scheme constructs successive approximations which converge very rapidly. This "accelerated 
convergence" is visible through an estimate of the form Xn+i < x^. For comparison, a proof 
by the Picard approximation method would involve an iteration of the form x^+i < Xxn 
with some fixed < A < 1. 

Loss of derivatives occurs when, for instance, a surjective first derivative DT{F) uses 
a number of derivatives, which are not recovered by its right-inverse L{F). (This is the 
case of our map T{F) = A~^.) The Newton algorithm can no longer be implemented as 
such. On the other hand, its accelerated convergence indicates that it should tolerate some 
adjustments made in order to overcome loss of derivatives. 

In [T^ Nash introduced smoothing operators for his solution to the isometric imbedding 
problem of Riemannian manifolds into Euclidean spaces. From [15j Moser extracted a 
simple algorithm solving an inverse function problem even when loss of derivatives occurs 
|14| . We will refer to this algorithm as the Moser scheme. It is a modified Newton scheme 
where the smoothing operators of Nash introduce an error term having no effect on the 
convergence of the algorithm provided the maps satisfy certain ("tame") estimates. The 
solution so obtained is "rough" a priori (e.g. if one works with spaces of functions, the 
solution may have fewer derivatives than the formulation of the problem actually allows). 
In a second step, one verifies that this rough solution is in fact smooth. This again uses 
the "tameness" of certain operators, as well as interpolation inequalities available in "tame 
Frechet-spaces" in a crucial way. 

Various extensions and improvements have been developed subsequently. In particular, 
Hamilton introduced in [7J the tame Prechet category (see Sections II. 1 and II. 2), es- 
sentially that introduced by Sergeraert in fl9j, in which the modified Newton algorithm is 
applicable and therefore an Inverse Function Theorem holds. That is, an inverse function 
exists and lives in the tame Frechet category. 

We emphasize that the Moser scheme is used to construct a rough solution to T{x) = y 
when the map T has surjective first derivative [DT is not required to be injective.) That 
this solution is smooth is a consequence of the interpolation inequalities available on "tame 
Frechet-spaces" , and surely the estimates on the successive approximations play a part in 
the proof. This is the surjective part of the Inverse Function Theorem. In case T has 
injective first derivative DT, then the interpolation inequalities (jl.39p again show that T 
is injective as well. The Moser scheme plays no role in this injective part of the Inverse 
Function Theorem. Our map T{F) = cannot be injective (see the discussion in the 
Introduction). Nevertheless, the injective part of the Inverse Function Theorem for tame 
Frechet spaces gives the idea for the proof of the injective part of Theorem [TJ 
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5.1 Tame estimates on T{F) = A^^ 

In this Section we derive the precise tame estimates on T{F) so as to set the parameters 
for the proof of the (existence part of the) Nash-Moser Inverse Function Theorem, see 
Theorem [2TJ 

Recall from Proposition [18] that Vi{F) is a || • ||3^a-neighborhood of F. 
Proposition 20 For F G Vi(F), any fi, h e Cf , and n > 0, 

\\T{F)\\n,a < C(||F||„,„ + 1), (5.1) 
\\DT{F)f\\n,a < C(||/|| + F 

\\D^T{F){hj2)\\n,a < C(||/i|| ||/2||2,a + ||/l||2,a||/2| (5.3) 

ll/l||2,a||/2||2,a), (5.4) 

and for n > 2 and h E 

n,a + \\F\\ \\hh,a). (5.5) 

In the proof of the Nash-Moser theorem below, we will shift the indices in the norms and 
use the notation 

I • In := II • ||n+2,a, n > 0. (5.6) 

Note that Vi{F) is then a | • |i-neighborhood. 

Proof With T{F) = Q{uj) where a; = A^/^ and 'ip = S{F), from Propositions 1111 and [6l we 
have for n > and F in the || • ||2,a-neighborhood Vs{F), see Proposition [H 

Iin^)||n,a < C{\\uj\\n,a + 1) < C(||V||n+2,a + 1) < C(||F||„,„ + 1). (5.7) 

Write the first derivative as DT{F)f = DQ{uj)u where v = A(f) = F'{^)(l) + f{i{j). Again 
from Propositions 1111 and [6l we have for n > 0, F € Vs{F), and any / € Cf°, 

\\DT{F)f\\r^,a (5.8) 
< C'l ll^^lln.a + ||w||n+l,«||i^||l,a ) (5.9) 



< C(^||(A||„+2,a + (||F||„+l,a + l)||</'||3,aj (5.10) 

< C(^\\f\\n,a + ||F||n+l,a||/||l,a + (lli^lU+l,a + l)(||/||l,a + 11^^ Ib.a || / 1| l,a) (5.11) 

+ F 

n+l,a ll/lli,a)- (5.12) 
Write the second derivative as 

D^T{F){hj2) = D^Q{io){vuV2) + DQ{uj)vi2 (5.13) 
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where 



ui = A(^i = F'{4^)ct),+fi{tP), (5.14) 

= A02 = F'i^)(l)2 + f2W, (5.15) 

1/12 = A</)i2 = F'(V^)0i2 + F'(V^)0i</.2 + /((V')</.2 + /^(V')</'i, (5.16) 

see Proposition [6l Thus, for F in the |[ • [[a^a-neighborhood V/(F), see Proposition [TE\ and 
any /i , /2 € , we have for n > 

\\D^T{F){h,f2)\\n,a (5.17) 

n+2,Q; 11^1 1 1 2, a ||^2 ||2,a 

(5.18) 

+ 11 2^12 \\n,a + |lw||n+l,a||z/12|ll,a| (5.19) 

< C'|||0i||„,+3,a||</'2||3,a + ||</'l lls.a ||<A2 ||n+3,a + || ^ ||„+2,a || ||4,a || </'2 lU.a (5.20) 
+ Il</'l2||n+2,a + ||w||„+l,a ||'/'12 lls.o | (5-21) 

< C| (||/l||„+l,a + ||i^||n+2,a||/l||l,a) (||/2||l,a + || i^ll 2,a || /2 || (5.22) 
+ (||/l||l,a + ||i^||2,a||/l||l,a) (lIMIn+l.a + ||F||n+2,a || /2 || (5.23) 

+ m\n+2,a + l)(||/l||2,a + || i^Hs.a || /l || l.a) (lIMb,^ + ||i^||3,a || /2 || (5.24) 

+ ||/l||n+l,a||/2||l,a + ||/l||l,a||/2||n+l,a + ||i^||n+2,a ||/l Ib.a II/2 ||2,a (5.25) 

+ {\\F\\n+l,a + l)(||/l||2,a||/2||2,a + || F||3,a || /l || 2,a || /2 Ib.a) | (5.26) 

< C|||/l||„+l,„||/2||2,a + |l/l||2,a||/2||n+l,a + || i^||n+2,a || /l || 2,a || /2 lb,. | (5.27) 

< c|||/i|U+i,«||/2||2,a + |l/l||2,a||/2||n+l,a + || i^||n+2,a || /l || 2,a || /2 ||2,a | • (5.28) 

Finahy we compute the tame estimates for the right-inverse L{F)h to DT{F)f. Recah 
that it is given by / = L{F)h = V B{F)-V M{F)h. With the tame estimates on / = VB{F)g 
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from Lemma [T5] and those on g = VM{F)h from Proposition 118^ we deduce that, for n >2, 

\n,a < C'|||g'||„,Q, + ||F||„_2,Q||5l|l,a| (5.29) 

< C'|||/l|U,„ + ||F||„+i,„||/l||2,„ + \\F\\n-2,a{\\Hl,a + \\F\\2,a\\h\\2,a)^ (5.30) 

< c\\\h\\n,a + \\F\\n+l,a\\h\\2,a\- (5.31) 



5.2 Surjective part of the Nash-Moser Inverse Function Theorem 

Our presentation of the Nash-Moser Inverse Function Theorem is a blend of [7], |14] . and 
|19j . We will limit ourselves to constructing a right-inverse, since in our application to The- 
orem [1] we do not need further properties of this right-inverse (smoothness and tameness). 
We refer to Section III.l of [7] for further details. 

Consider X, y tame Frechet spaces, with smoothing operators S{t), t > 0, satisfying 
the estimates (|1.38p described in the Introduction, and set 

B:={ueX \\u-u\i<7]}. (5.32) 

Let T: (B C X) ^ y such that for any u & B, vi,V2 & X , h G y, and n > 0, 

\T{u)\n < C{\u-u\n + l), (5.33) 

\DT{u)v\n < i\v\n + \u-u\n+l\v\o), (5.34) 
\D'^T{u){vi,V2)\n < C{\vi\n+l\v2\o + \vi\o\v2\n+l + \u-u\n+2\vi\o\v2\o), (5.35) 

\L{u)h\n < C(|/i|„ + [u - u|„+i|/i|o). (5.36) 

(It is clear that our map T(F) = A''^ satisfies these conditions where | ■ In = |[ ■ lln+2,a-) 
Suppose given a solution T(ll) = 'g. 

Theorem 21 (Existence part of the Nash-Moser Inverse Function Theorem) 

There is a neighborhood Gcyofgin which T{u) = g has a solution u € B for any g ^ Q ■ 

Remark The neighborhood Q is defined in ()5.80p in terms of a parameter j given in 
(|5.96p . In particular, is a | • Is = || • ||io,«-neighborhood. Further, since w i-^ is 
continuous C^^ C^^ ^ C^*^'", see Proposition 111! the C°°-neighborhood of w in which 
each co-adjoint orbit has a steady-state can then be taken as a || • ||ii-neighborhood. 



70 



Proof 

[T] The modified Newton scheme For g € y, we pose 

Pig,u) = T{u)-g (5.37) 

and the problem is to solve P{g, u) = 0. We will think of 5 as a parameter. Then P satisfies 
the following estimates for any u € wi, ^2 € and n > 0, 

\P{g.u)\n < Ci\u-u\n + \g-g\n + l), (5.38) 

\DuP{g,u)v\n < {\v\n+\u~u\ri+l\v\o), (5.39) 
\Dl^P{g,u){vi,V2)\n < C{\vi\n+l\v2\o + \vi\o\v2\n+l + \u-u\n+2\vi\o\v2\o) (5.40) 

and V = L{u)h is again a right-inverse to h = DuP{g,u)v: 

DuP{g,u)L{u)h = h. (5.41) 

The solution is constructed by the Moser scheme, which is a modified Newton scheme: 

Un+l - Un ■■= -S{tn)L{un)P{un), n > 0, Uq := u, tn := A'^" (5.42) 

for some A > 1 and < k < 2 to be determined. Fix j > 1 which will be specified later. 
Let M, Mj > 1 be constants such that for all u, w such that u,u + w G B, any v (z X, any 
h £ y, and t > 0, we have: 

(5.43) 
(5.44) 

-1, (5.45) 
(5.46) 
(5.47) 
(5.48) 

(That these hold is immediate from the tame estimates on T, the estimates ()1.38p on 
the smoothing operators S{t), and Taylor's expansion with remainder (|1.37p given in the 
Introduction). Next, with the first requirement that G be contained in a neighborhood of 
the form 

gc{\g-g\j-i<C}cy (5.49) 
and increasing Mj if necessary, we have for any u £ B and g £ Q 

\L{u)P{g,u)\j^i < Mj{l + \u-u\j) (5.50) 



\S{t)v\i 


< 


Mt\v\o, 


\S{t)v\, 


< 


Mjt\v\j 


\v - S{t)v\o 


< 




\DuP{u)v\o 


< 


M\v\o, 


P{u + w) - P{u) - DuP{u)w\o 


< 


M\w\l, 


\L{u)h\o 


< 


M\h\o. 
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which holds since |u|o and \g\Q remain bounded and 

\L{u)Pig,u)\j^i < C{\P{g,u)\j-i + \u-u\j\P{g,u)\o) (5.51) 
< C{\u — u\j^i + \g — + 1 + \u — u\j). (5.52) 



Write now 



\Un+l-Un\l = \S{tn)L{Un)P{g,Un)\l (5.53) 

< Mtn\L{Un)P{g,Un)\o (5.54) 

< MHn\P{g,Un)\o (5.55) 



and by ^M), (|OT]) 



|P(g,u„)|o (5.56) 

< \P{g,Un) - P{g,Un-l) - DuP{g,Un-l){Un-Un-l)\Q (5.57) 
+ \P{g,Un-l) + DuP{g,Un-l){Un - tin-l)|o (5-58) 

< M\Un - + \DuP{g,Un^l){l - S{tn~i))L{Un^i)P{g, n„_i)|o (5.59) 

< M\Un - Un-l\l + M|(l - S{tn-l))L{Un-l)P{g, Un-l)\o (5.60) 

< M\Un-Un-l\l + MMjtl-_{\L{Un-l)P{g,Ur,-l)\j-l (5.61) 

< M\un-Un-i\i + MMft];i{il + \un-i-u\j) (5.62) 

SO that 

|n„+i - n„|i < tnM^\Un - Un-l\l + Mftntl,z{{l + \Un-l-u\j). (5.63) 
For some ^ > to be determined later, let 

6n:=t>;,M^\un-Un-i\i. (5.64) 

Then, 

Sn+i < A^"('^>^^^-'^^6l + er., en := m6m|A'^''"^^+-"+(i-^>"-\i + -n|,-). (5.65) 



The parameters j4, k, etc. will be determined in order to view (I5.65P as a perturbation of 
a^n+i < With 

1 + ^(k - 2) < (5.66) 



we have (5„+i < (5^ + e„. By inspection, the graphs of y = x and y = ^\ intersect at 



some X € [|, 1]- Thus, if one can impose 



2 1 

h < 3' < 8' (5-6'^) 
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the inequality 5n-\-i < <J„ + e„ guarantees that (5„ is bounded for all n (say by 1) and therefore 

\Un - Un^lll < ^3 ■ (5.68) 

In order to control e„ we need to estimate the growth of 1 + |n„ — u\j: 

l + |n„+i-u|j < 1 + \Un — u\j + \Un+l — Un\j (5.69) 

= 1 + |n„ - u\j + \S{tn)L{un)P{g, n„)|j (5.70) 

< 1 + \Un -u\j + Mjtn\L{Un)Pig,Un)\j-l (5-71) 

< l + \un- u\j + M|t„(l + \Un - u\j) (5.72) 

< 2MfA''"{l + \un-u\j). (5.73) 

Let /3 > to be determined later and write 

A-^^-'-'il + |n„+i - u\j) < 2M|^(-'^('^-i)+i)'^" (^-'^'^"(1 + \un - u\j)) (5.74) 

< 2M|^-^('^-^)+i (^-^'^"(l + [u„-n[j-)) (5-75) 

provided —(3{k — 1) + 1 < 0. Since we also want the multiplicative factor to be < 1, we 
impose the more stringent condition that 

(-/3(K-l) + l)ln^ + ln(2M|) < 0. (5.76) 

In turn, as long as the terms Un € B exist, we have (recall uq = u, A > 1, and /3 > 0) 

l + \un-u\j <A^''" (5.77) 

hence e„ < M^MjA^^^'^^^'^^^~^^^^'^"' \ In order to satisfy ()5.67p . we will therefore impose 
that 

{fiK^ + K + l- j + (3)lnA + ln{M^Mf) < In ^. (5.78) 

Finally, we show that the n„, G B exists for all n > provided \P{g,u)\o < e is sufficiently 
small, and that the sequence is Cauchy in the | • |i-norm. Estimate (I5.68P holds provided 
6i = A^^M^Im - uoli < 2/3. But Im - uoli < Mtl\L{u)P{u)\o < M'^A'^\P{u)\o so we take 

This in turn determines the neighborhood Q: since P{g,u) = T{u) — g = g — g, 

G = {g^y\\9-g\o<e, \g\j-i < C}. (5.80) 

Now we verify that Un & B is defined for all n: 

n ^ oo CO A- UK 



m=0 m=0 m=0 

(5.81) 



73 



(we have used > + (i — /) Iiik). We thus impose 

1 A"^'' 

TT^ 1 r- < V- (5.82) 

The sequence is Cauchy since 

m— 1 

|wm-n„|i < ^[-uz+i-n^li (5.83) 

-. oo 

^ MsE^-''^" (5-84) 



^ oo 

< (5.85) 

0. (5.86) 



M3 



1 — ^-AtKlnK n.m^oo 

We denote Uoo its Hmit in the | • |i-norm. Observe from ()5.62p that 

\P{g, Un)\o<M\un- Un-i\l + M A^^-^+P^'^'^'' ^ (5.87) 

since 1 — j + /3 < by (j5.78p . Thus, once Uoo is proven to be the hmit in each | • |fc-norm, 
the above shows that it is in fact a solution to P{g, u) = in B. 



2 Setting the parameters The constants M, Mj are imposed by the problem. The 



conditions on the parameters k, fi, /3, j, and A are (|5.66p . (j5.76p . (j5.78p . (j5.82p : 

1 + /i(K - 2) < 0, 0<K<2 (5.88) 
(-/3(k - 1) + l)lnA + ln(2M|) < (5.89) 
(/XK^ + K + j + l3)lnA + ln{M^Mf) < In i (5.90) 

'W^ l_^-HfjlnK < V- (5.91) 

These conditions are satisfied if the parameters k, /x, /3, j, and A are chosen in this order 
so as to satisfy the following: 

1< K < 2 (5.92) 

> 2^ (5.93) 

-/3{k - 1) + 1 < (5.94) 

HK^ + K + l-j + f3<0 (5.95) 

and A sufficiently large so that the three inequalities where it is involved are satisfied. It 
is not difficult to see that, in order to minimize j, it should be chosen the smallest integer 
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strictly larger than + k + 1 + -^^^ over k G (1,2). Using a computer one finds that 

j = 9 is attained with any 1.2 < k < 1.5. (5.96) 

n 



3 The rough solution is smooth We will use that for each m > 1 there exists a 
constant Cm such that 

l + \un- U\m < CmA^''" (5.97) 

which is proven below. The important point is that the inequality holds with the same /3 
regardless of m. 

Fix then i > 1, and let m > 1 which will be determined later. Denote Mm (or make Mj 
larger if j — 1 = m) a constant such that the following estimates hold for any v & y, u £ B, 
and t>0: 

\S{t)v\m < Mm\v\m, (5.98) 

\L{u)P{g,u)\m < Mm{l + \u-u\m+i)- (5.99) 
By interpolation inequalities, (C denotes constants depending on i, m, but not on n) 

m — i i — 1 

\Un+l-Un\i < |u„+i - n„|{"~' |n„+i - tt„|m"' (5.100) 

< CA-'"'"^"^^\S{tn)L{Un)Pig,Un)\^' (5.101) 

< CA-^''' —\L{un)P{g,Un)\m-' (5.102) 

< CA~'^'^"^'^(1 + |m„U+i)^ (5.103) 

< CA-f"^ —A^"^ — (5.104) 

< C7yl(-^''('^-*)+^(^^i»^^. (5.105) 

Now choosing m sufficiently large that 

- fiK{m-i) + P{i-l) <0 (5.106) 

makes the exponent negative and the increment \un+i — Un\i decays with a double expo- 
nential rate. It is then easy to see that n„ is Cauchy in the | • |j-norm. □ 



4j Proof of estimates (I5.97p Fix m > 1. As for (|5.73p we find 

l + \Un+l-u\m < 2MlA''\l + \Un-u\m) (5.107) 
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so that 

+ - nU) < 2M^^(-^(''-i)+i)'^" (^-'^'^"(1 + K-u\m)) . (5.108) 

Given m,f3,K, let n*{m) such that for n > n*{m), 2M2^A(-'5(''^i)+i)''" < 1 (recall that 
-/3(k- 1) + 1 < 0). Then choose Cm so that A~'^'^"{1 + \un-u\m) < Cm for n < n*{m). ■ 



5.3 The injective part of the Nash-Moser Inverse Function Theorem 

Even though the injective part of Nash-Moser Inverse Function Theorem cannot be used as 
such for the injective part of Theorem [H it is instructive to show its proof as our result is 
an adaptation of it. We follow [7j. 

The assumptions here are different from those of Theorem [2TJ We are not concerned 
with existence of solutions, only uniqueness. Thus, DuP{g, u) is assumed injective, with a 
left-inverse again denoted L{u). Note that the Moser scheme plays no role here. 

Theorem 22 (Nash-Moser IFT - injective part) Consider g ^ y in a \ -neighborhood 
of'g. Suppose that DuP{g,u)v has a left-inverse L{u)h, which is a tame of degree Q in g 
and h, and 1 in u. Then, there exists a \ ■ \i-neighborhood B' := {u & X \ \u — u\i < r]'} of 
u such that, if P{g,ui) = P{g,U2) where ui,U2 € B' , then ui = U2- 

Proof Use Taylor's formula, 

P{g, U2) = P{g, ui)+DuP{g, ui){u2-ui)-\- / {l-t)Dl^P{g, ui-^t{u2-ui)){u2-ui,U2-ui)dt 

Jo 

(5.109) 

so that 

U2-ui = -L{ui) / {1 - t)Dl^P{g,ui + t{u2 - ui)){u2 - ui,U2 - ui)dt. (5.110) 



Jo 

Tame estimates on D'^^P{u){vi,vi) give 

\U2 — Ul\o < C\U2 — Ul\o\u2 - Ul\l (5.111) 

where the constant is independent of ui,U2 S B' and g in the restricted neighborhood. 
Making r]' sufficiently small, we can make c\u2 — < 1 for any ui,U2 S B' . This forces 

\U2 — till = 0. ■ 
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5.4 Examples of smooth tame maps 

Wc list in this Section some smooth tame maps which arc used throughout the present 
work. In this Section, by smoothness we do mean that derivatives of all orders exist. K 
denotes a compact subset of Euclidean space with smooth boundary. V denotes an open 
subset of some Prechet space. 

[T] Linear differential operators with constant coefficients 

Lemma 23 A linear differential operator of order r with constant coefficients L: — >■ 
is a smooth tame map of Frechet spaces: L: — >• C]^ is continuous for each 77, > 0. 
Lu has degree r and base 0; for all u G . 

\\Lu\\n,a < C ■ \\u\\n+r,a, U > 0. (5.112) 



2 Product of functions 



Lemma 24 The bilinear map 

is a smooth tame map of Frechet spaces: for each n> 0, B : x — > C]^ is continuous 
as well as B : C^'" x C^"' —> C^'°. B{F,G) has degree in F and G, and base 0; 

\\B{F,G)\\n,a<C ■{\\G\\oAnn,a + \\F\\oAG\\n,a), n>0 (5.114) 

for all F and G. The first derivative is given by 

B{F,G)-if,g) = fG + Fg. (5.115) 

There are obvious generalizations of the above for the product of an arbitrary number 
of functions (Fi, . . . , F;) i-^ Fi • • • Fi. 



3 The Nemitskii operator If p(x, z) = p : K x ^ W is a smooth function, define 



P(F)(x) := p(.T, F(.x)), X e K, F eV CC]^. 

Lemma 25 P : V — )■ is a smooth tame map of Frechet spaces: for each n > 0, 
P: Cj^ Cj^ is continuous as well as P: C^" C^'". P{F) has degree in F and base 
1: 

\\P{F)\\n,a<C-i\\F\\n,a + l), n>l (5.116) 

for F in a neighborhood where ||F||i_q is bounded. The first derivative DP{F) ■ f € is 
given by 

{DP{F) ■ f )ix) = D,p{x, F{x))f{x), xeK. (5.117) 
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4| Composition of functions Let K C M.'^ , K' C W^' ,K" C W^" be compact subsets of 



Euclidean spaces, and let Go G ^^^d'-^ such that Gq{K) C V C K' for some open set V. 
If G is in a suitable || • ||o-neighborhood V of Gq, then G{K) C K' . Thus, we may define 
the composition operator 

F G FoG 



Lemma 26 G is a smooth tame map of Frechet spaces. In the G'^-grading we have that 

^S^MRd") ^ ^X.Rd' ^ ^(X.Rd")' (5.119) 

is continuous, while in the C^'"''^ -grading we only have that 

is continuous. For G in d II • \\\ (^-Ti6ighboThoodf dud all F (without TcstTictioTiJ j 

||i^oG||„,„ <G-(||F|l„,„ + ||G||„,„||F||i,«), n>l (5.121) 
The derivative is given by 

DGiF, G) • (/, g) = F\G)g + f{G). (5.122) 

Proof See [3j. Note that composition G"'° x G"'° G"'° is well-defined, even though it 
is not continuous. ■ 



5 The inversion operator Let / be a compact interval denote the group of 



increasing G°°-diffeomorphisms of /. Denote V{F) = F ^ the inverse of F G 'Df'. 
Lemma 27 The inversion operator 

r poo poo ^ 

is a smooth tame map. It is continuous for each n > 1. V{F) has degree in F 

and base 1 in the \\ ■ \\n,a-9i"CLding: 

||V^(F)||n,a<C-(||F||„,„ + l), n>l (5.124) 

for F in a neighborhood where \\F\\i^a is bounded. The first derivative is given by 



F'{F- 



DViF).f = - 'J^^_l (5.125) 
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Proof That V: — > T>f is continuous for each n > 1 is standard, see Example 4.4.6, 
p. 92, Part I, and Theorem 2.3.5, p. 148, Part II of [7]. We need tame estimates in the C"'", 
while those of [7] are given in the C^-grading. 



Let y = g(x) be a diffeomorphism in Df with inverse x = f{y)- Then, f'{y) 



SO 



that 



l/'(2/i)-/'(2/2)| < 



1 



1 



g'{xi) g'{x2) 
g'{x2) - g'{xi)\ 
\9'{xi)g'ix2)\ 
< C[g']a\x2 - xil"' 



< 



(5.126) 

(5.127) 
(5.128) 



for g in a II • ||i-neighborhood. Since \x2 — xi\ < |l/'||o|y2 — yi\, we are done with the tame 
estimates for n = 1. 

Suppose the tame estimates verified for 1 < m < n. From (I3.48P and tame estimates on 
product of functions, we have for in a || • ||i^Q,-neighborhood 



||/(n)| 



n-1 



0,0 



(fc)i 



0,0115 



in) 



/II 



0,0 ■■ ■ 



5^^''=)o/||o,„ (5.129) 



k=l iiH hife=n 

ii,---,jfc>l 

n-1 



< CWf'Wl^Y. E ll/'^llo,o||5(^'^)||o,o||/||o,o---||5(^'^)||o,o||/||d:§.130) 

k=l ji-\ hifc=n 

n-1 

^ E i^ + \\9^'^h,a)\\9\\n,a---\\9\\j„a. (5.131) 



k=l jiA \-jk=n 

il,---Jfc>l 

We interpolate each factor between their || • 
llsllfc.olbllji.o • • • llfi'llife, 

n—k k—1 
I n — 1 ll^ll n — 1 



|l,o- 



and 



-norms: 



-Jfc Jfc- 



< r' . WnW llnll . Ilnll ""^ llnH ""^ 

— llylli,o lly|l",a lly|li,o 115 

— • ll^lln.jO 



•••Il5lli 



n — 1 1 1 ^ 1 1 n — 1 



(5.132) 

(5.133) 
(5.134) 



since ||(7||i,o remains bounded and + - ■ ■ +jk = n. The other terms in the sum are handled 
similarly. ■ 
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